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Abstract 

The second Painleve equation with a large parameter (Pn) is analyzed by using 
the exact WKB analysis. The purpose of this study is to investigate the problem of 
the degeneration of P-Stokes geometry of (Pii), which relates to a kind of Stokes phe- 
nomena for asymptotic (formal) solutions of (Pii). We call this Stokes phenomenon 
a "parametric Stokes phenomenon". We formulate the connection formula for this 
Stokes phenomenon, and confirm it in two ways: the first one is by computing the 
"Voros coefhcient" of (Pn), and the second one is by using the isomonodromic defor- 
mation theory. Our main claim is that the connection formulas derived by these two 
completely different methods coincide. 
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1 Introduction and main results 



The theory of the exact WKB analysis of Painleve equations with a large parameter has 
been established in the series of papers |KT2j . [AKTlj and |KT3j . The main result of 
these papers is that any 2-parameter (formal) solution of the J-th Painleve equation (J 
= II, • • • , VI), which has been constructed through multiple-scale analysis in [AKTlj . can 
be transformed formally to a 2-parameter solution of the first Painleve equation (Pi) near 
a simple P-turning point. (In this paper we call turning points (resp. Stokes curves) 
of Painleve equations, the definition of which is given in [KT2], P-turning points (resp. 
P-Stokes curves). These terminologies have been already used in the exact WKB analysis 
of higher order Painleve equations: cf. jKT5j .) Moreover, the connection formulas for 
2-parameter solutions of (Pj) on P-Stokes curves were also discussed in |Tlj by using 
the isomonodromic deformation method, that is, by analyzing linear differential equations 
associated with (Pj) through the exact WKB analysis. 

The analysis presented in the above papers is concerned with the local theory near a 
simple P-turning point. But, for (Pj) (J = II, • • • , VI), two or more P-turning points 
appear in general and "a degeneration of P-Stokes geometry" sometimes occurs; that is, a 
P-Stokes curve may connect two P-turning points when parameters contained in (Pj) take 
some special values. For example, the second Painleve equation with a large parameter ry 

(Pn):^ = ^2(2A3 + tA + c) 

has three P-turning points if c 7^ 0, and Figure 11.11 11.31 describe the P-Stokes curves 
of (Pii) near arg c = ^. (See Section 2.2 for the definitions of P-turning points and P- 



Figure 1.1: P-Stokes curves Figure 1.2: P-Stokes curves Figure 1.3: P-Stokes curves 
when argc = ^ — e. when argc = ^. when argc ~ j + e. 

Stokes curves of (Pii).) As is clear from Figure [TTT] ~ 11.31 a degeneration of P-Stokes 
geometry is observed when arg c = ^. This degeneration suggests that a kind of Stokes 
phenomena occurs when c varies near arg c = ^, that is, the correspondence between 
asymptotic solutions and true solutions of (Pii) changes discontinuously before and after 
the degeneration. We call this phenomenon "a parametric Stokes phenomenon" because 
this Stokes phenomenon (or the degeneration of P-Stokes geometry) occurs when the 
parameter c contained in (Pii) varies. The purpose of this paper is to investigate the 
parametric Stokes phenomenon for (Pii) in an explicit manner. 

In this paper we mainly discuss the parametric Stokes phenomenon for the following 
1-parameter family of transseries solutions (1-parameter solutions) of (Pii): 

X{t,c,ri;a) = X^^\t,c,r]) + ar]-h^^\t,c,ri) e'''^" + {aT]-^fX^^\t,c,ri) e^^"^" + ••• . (1.1) 

Here a is a free parameter, X^^\t,c,r]) = X^l^^t, cj+rj"^ X^^\t, c)+rj~'^ X^2\'^^ '^)~'^ — 0) 

are formal power series of ri~^ and 0n = 4'ui'tyc) is some function. (Note that X^^\t,c,ri) 
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itself is a formal power series solution of (-Pii), called 0-parameter solution.) In Sec- 
tion 3.1 we introduce two normalizations of 1-parameter solutions; let Xoo{t, c, ij; a){iesp. 
Xr{t, 0,7]; a)) be a 1-parameter solution which is normalized at t = oo (resp. at some 
P-turning point t = t). (A construction of 1-parameter solutions are briefly reviewed in 
Section 2.1.) Our aim is to explicitly determine the connection formulas for the paramet- 
ric Stokes phenomenon occurring to 1-parameter solutions Aoo(i, c, r/; a) and Xr{t,c,ri;a) 
when arg c = ^ . 

The motivation of this paper comes from the result of Takei for the exact WKB analysis 
of the Weber equation 



fl.2) 



which is a linear ordinary differential equation having two simple turning points at x = 
-izl^/E if 7^ 0. A degeneration of Stokes geometry of (|1.2|) occurs when arg E = 0. In 
[T2] Takei investigated the parametric Stokes phenomenon (with respect to the parameter 
E) of (|1.2p and obtained a connection formula for WKB solutions of p.2|) ( ||T2t Theorem 
2.1]). According to [T2j . the parametric Stokes phenomenon is caused by some singularities 
of the Borel transform of WKB solutions, and furthermore, these singularities originate 
from the singularities of the Borel transform of the "Voros coefficient" of ()1.2p . The Voros 
coefficient is a formal power series of r]~^ defined by some integral (cf. |T2j ). The explicit 
representation of the Voros coefficient of (|1.2p (see ()3.23p ) was first conjectured by Mikio 
Sato, and a proof of it based on the use of the creation operator of (|1.2p was given by Takei 
in fT2J. The connection formula for the parametric Stokes phenomenon was obtained as 
a corollary of it. In this paper we extend the analysis presented in |T2] to (-Pji). 

Having the results of (T2] for (|1.2p in mind, we will introduce the "Voros coefficient 
of (i'li)" (or the "P- Voros coefficient", for short) in Section 3.1, and obtain the explicit 
representation of it in Section 3.2. The following is one of the main results of this paper: 

Theorem 1.1 (Theorem l3.ip . The P-Voros coefficient W{c,ri) is represented explicitly as 
follows: 

°° ol-2n _ 1 
n=l 

where i?2n is the 2n-th Bernoulli number defined by 

-1 2 ^ 2n ! ^ ^ 

n=l 

Using this expression, we can derive the following connection formula for the parametric 
Stokes phenomenon under the assumption of Borel summability of 1-parameter solutions: 

Connection formula for 1-parameter solutions of (-Pii). Let e be a sufficiently 
small positive number. 

(i) If the true solutions represented by Aoo(i, c, ry; a) for arg c = ^ — e and those by 
Xoo{t, c,r]; a) for arg c = | + e coincide, then the following holds: 

a = a. (1.5) 

(a) If the true solutions represented by Xr{t, c,ri; a) for arg c = \ — e and those by 
Xrit, c, 77; a) for arg c = ^ + e coincide, then the following holds: 

a = (1 + 6^'^*'='') a. (1.6) 

On the other hand, we can also derive the connection formula for the parametric Stokes 
phenomenon by using the isomonodromic deformation of {SLji), which is a second order 
linear ordinary differential equation relevant to (Pii): 

(^^11) ■■ - v'Qu) = 0, 
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where 



Qii 



4(x - A)^ 



^11= 2[^^-(^^ + *^^ + 2cA)]. 



We compute the Stokes multiphers of [SL\\) around x = oo by using the "Iso-Monodromic" 
WKB solutions V'i.iM) which satisfy both (SL\\) and it's deformation equation (-Dii). (The 
construction of V'±,IM is explained in Section 4.2.) Let Sj (resp. s/) be the Stokes multi- 
pliers computed by using V'i.iM when argc = f — e (resp. argc = ^ + e) with a sufficiently 
small positive number e (1 < j < 6). The results of the computations (those are presented 
in Section 6.3) are given by the following lists: 

Stokes multipliers of (5Ln) around x = oo. 

(i) If the 1-parameter solution substituted into the coefficients of (SLu) and (Du) is nor- 
malized at CO, the Stokes multipliers of (SLu) are given by the following: 



\ _j_ g27ricr)^ Q—2iiicri ^U—2V 



Si 

S3 = i 
55 =0 



JJ~2V 



5i = I e 
s'2 = i (1 + e^'^^^'') 



^-2-Kicri g2V-U 



s'3 = i 6-2^^'='' 



-2-y/7ra 



s'e = 2^ a + i{l + e^^*^*?) e 



27ric»7\ 2V-U 



(1.7) 



('iij // i/ie 1-parameter solution substituted into the coefficients of (SLu) and (Du) is 
normalized at r, the Stokes multipliers of (SLu) are given by the following: 



Si = z (1 + e 



2TTicri\ „U-2V 



52 



■ ^-2-Kicri q2V-U 



S3 = i (1 + e 

-2y/TTa e 



2iTicri\ 



-2TTicr] U-2V 



W 



54 = 

55 = 

5e = 2^ae^ +ie^^-^. 



i 

• ^-^ _^ g27ricr,) ^-27ricv ^2V-U 
■ ^~2nic-n gC/-2V 



-2-^/7ra e 



w 







s^ = 2V^ae^ + i{l + e^-^^'^) e^^"^. 



(1.8) 



-fTere a is the free parameter contained in the 1-parameter solution substituted into the 
coefficients of (SLu) and (Du), U = U{t,c,r];a) is given by the following integral 



U = T] I {X{t,c,r,;a)-X^^\t,c)) dt, 



(1.9) 



V = V{t,c,r]]a) is the Voros coefficient of (SLu) and W = W{c,r]) is the P-Voros coef- 
ficient. 

Precisely speaking, the Stokes multipliers are the Borel sums of the formal series in 
the above lists. They should be independent of t because ip±jM satisfies the deformation 
equation (-D11). This fact can be confirmed by the following theorem, which will be verified 
through the analysis of the Voros coefficient V of (SLu) in Section 5. 

Theorem 1.2 (Theorem 15. ip . The Voros coefficient V of (SLu) and U given by (jl.9p are 
related as follows: 



)l-2n 



2Vit,c,7j)-Uit,c,r]) 



1 



^ 2n(2n - 1) 



B2n{cVl) 



l-2n 



(1.10) 
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where i?2n, is the 2n-th Bernoulli number defined by ()1.4p . 

If two 1-parameter solutions of (Pu) are given and true solutions of (Pii) represented by 
these 1-parameter solutions coincide, then the corresponding Stokes multipliers of (SLu) 
should coincide. Thus, making use of the expression (jl.lOp . we can derive the connection 
formulas which describe the parametric Stokes phenomenon occurring to 1-parameter so- 
lutions substituted into the coefficients of (SLu) and (Du). The details will be explained 
in Section 6.4. Furthermore, the connection formulas obtained in this way coincide with 
p.Sp and ()1.6p . that is, the connection formulas (jl.Sp and ()1.6p describing the parametric 
Stokes phenomenon for 1-parameter solutions can be confirmed also by the isomonodromic 
deformation method. This is our main claim. 
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2 1-parameter solutions and the P-Stokes geometry of {Pu) 

The general theory of the exact WKB analysis of Painleve equations (Pj) (J = I, • • • , VI) 
was developed in a series of papers |KT2] . |AKT1] . |KT3| and 1-parameter solutions of 
(Pj) were discussed in |KTlj . (See also |KT41 §4].) In this section, we review the core 
part of the exact WKB analysis of (Pj) in the case of {Pn). 

fx 

dt^ 



{Pu):-j:T = r]\2X'+t\ + c) 



2.1 0-parameter solutions and 1-parameter solutions of {Hu) 
(Pn) is equivalent to the following Hamiltonian system (Hu): 



(Hu) ■■ { 



r dx 

'dt 
dv 



d7 = ^" 



7]{2X-' + tX + c). 



(Hu) has a formal power series solution (A*^'^^, z^^*^)) of rj ^ called a 0-parameter solution of 
(^ii)- 

A(0) (t, c, r?) = a(°) it,c) + v-'xf^ (t, c) + v-'^P (t, c) + • • • , 
W (t, c, r?) = (t, c) + rj-^uf^ (t, c) + r?-^^,^ (t,c) + -- - . 



Here Aq'^^ satisfies 



2X'^^\tx'^^ + c = (2.1) 



and 

„(o) 



0. (2.2) 



In what follows we abbreviate Aq''^ and to Aq and vq, respectively. Once the branch 
of Ao is fixed, the coefficients (A^'^^ z^^.'^'*) of 77^^ in (A'^''^ , v^^^) are determined by the 
following recursive relations: 

(6Ag + t)Ain2 4MM? = ^ (^>l), (2.3) 

ki + k2 + — k 

< ki < k 
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= %i (^>1). (2.4) 

We can also construct a 1-parameter family of formal solutions, called 1-parameter 
solution, of (Hii) of the following form: 

J A(t,c,ry;a) = A(°)(t, c, r/) + a7?"U(i)(*> c, 77)6^*" + (a7?-i)2A(2)(t, c, r/)e2^*" +••• , 
\ u{t,c,r];a) = u^^\t,c,r]) + ar/"^i/(i)(t, c, r/)e'?<^" + {ar]~^fu'^^\t,c,r])e^'Tt'^^ H , 

where a is a free parameter, A'^'^^ and u^''^ are formal power series of r/~^, 

A(^) it, c, r?) = Xi'^ it, c) + r?-i Af ) (t, c) + ^"^ A^'^) (t, c) + • • • , 

(t , c, v) = 4'^ it, c) + r?-iz.f ) it,c) + it,c) + ---, 

and 



cpnit,c) = / x/^(t,c)dt. 



A(t,c) = 6Ao(t,c)^ +t. 

In what follows 1-parameter solutions are considered in a domain where the real part of 
011 is negative, i.e., e'''^" is exponentially small when r/ — )• 00. 

Here we briefly recall the construction of a 1-parameter solution. (It is similar to the 
construction of the so-called transseries solution; cf. O pp. 90-91].) First, A^*^^ is a 0- 
parameter solution constructed above. Second, if ai]' '2XWit,c,ri)e'^^^^ is denoted by X^^\ 
then A^^) is a solution of the following second order linear differential equation: 

^ = v\6X^'Ht,c,vf + t)XW, (2.5) 

that is, the Frechet derivative of (Pii) at A = A^^^^. Thus A^^^ can be taken as a WKB 
solution (see [KT41 §2.1] for example) of ()2.5p of the form 

aW = a ^ rexpf/ Roddit,c,v)dt) (2.6) 

^/Roddit,c,'r]) ' 

= ar/-5(A;,')(t,c) + 7?-Uf)(t,c)+r?-2A5')(t,c) + ---)e^*", (2.7) 

where i?odd is the odd part (in the sense of Remark 12.11 below) of a formal power series 
solution R = rjR^i + Rq + r]~^ Ri + ■ ■ ■ of the Riccati equation 

R' + ^=v\(^X^'Ht,c,vf + t) (2.8) 

associated with (12.51). 



Remark 2.1. The odd part of it! is defined as follows. The coefficients Rk of rj in R 
are determined by the following recursive relations: 



Rli = A = 6X1 + t, 



ki + k2 — k li + I2 = k + 2 

< fe,- < 



Once the branch of 

R-i = \/A (2.10) 
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is fixed, Rk {k > 0) is determined uniquely by (|2.9p . Hence we obtain a formal solution 

R = R{t,c,r]) of ()2.8p . Similarly we obtain a formal solution R^ = R^{t,c,r]) of ()2.8p . 
starting with i?^]^ = — -v/A- Then, we define the odd and even part of R by 

Rodd{t,c,ri) = ^{R{t,c,ri)-R^t,c,r,)), (2.11) 

i?even(t,c,r/) = ^{R{t,c,ri)+R^{t,c,r,)). (2.12) 

We also note that, as in pCTil §2.1], 

11 (iiJodd Id ^ 

- " 27W " "2 ^^■^^> 



An important fact is that, once we fix a normalization (i.e., the lower endpoint) of 

{k 
t 



the integral of iiodd in (USD, the coefficients of A^^) (A: > 2, ^ > 0) are determined 
uniquely by the following recursive relations. 



(fc2-l)A(t,c)Af^ = 6 



is 



«3 < e 



+ 2 Y f>^>^ 

fcl + fc2 + ^3 — 



Thus we can construct a 1-parameter solution X{t, c, ry; q) including a free parameter a. 
(Normalization of the integral in (|2.6p will be discussed in Section 3.) Since u = f]~^^ 
follows from (Hn), the formal power series i'^^^ {k > 0) are determined by 



^(.)^^#ii^(.)+ ij^, (2.15) 
dt ' dt ^ ^ 



dt 

Especially, since can be written also as 

A<') = »,-^CWexp(/'fl,tc.,).. 

with a formal power series C{r]) of r/~^ whose coefficients are independent of t, we have 

iyW=7]'^RXW_ (2.16) 

2.2 P-Stokes geometry of (Pu) 

Next, we recall the definition of turning points ("P-turning points") and Stokes curves 
("P-Stokes curves") of (Pu). 

Definition 2.1 ( |KT4l §4, Definition 4.5]). (i) A point t is called a P-turning point of 
(Pii) if t satisfies A = 6Ag + t = 0. 

(ii) For a P-turning point t = r, a real one-dimensional curve defined by 

Im j \/A{t,c) dt = 
is said to be a P-Stokes curve of (Pu). 
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Figure 2.1: P-Stokes curve when argc = 0. 

The P-turning points and the P-Stokes curves are the turning points and the Stokes 
curves of the Unear equation (j2.5p . Since P-turning points are also zeros of discriminant 
of the algebraic equation ()2.ip for Aq, there are three P-turning points at t = tj := 

—6 (c/4)^^^a;'' (cj = e~,j = 1,2,3) in the case c / 0. Figure ED describes P-Stokes 
curves when argc = 0. As we saw in Section 1, some degeneration of P-Stokes geometry 
occurs when arg c = ^ (Figure [TTT] ~ [TT3D • This degeneracy can be analytically confirmed 
by the relation 

/ VAdt = ±27ric, 

Jti 

which we will show in Proposition 14.11 in Section 4. (The choice of the sign on the right- 
hand side of the above relation depends on the determination of branch of \/A-) 

Remark 2.2. Since P-turning points and P-Stokes curves are defined in terms of A = 
6Aq -|- t, it is natural to lift them onto the Riemann surface of Aq. Figure [212] describes the 
lift of P-Stokes curves onto the Riemann surface of Aq when argc = ^. Wiggly lines, solid 




Stokes curves onto the Riemann 
surface of Aq 



lines and dotted lines in Figure [212] represent cuts to define the Riemann surface of Aq, 
P-Stokes curves on the sheet under consideration and P-Stokes curves on the other sheets, 
respectively. In this paper we only consider the situation where arg c is sufficiently close 
to ^ and t moves in the shaded domain in Figure 12.31 below. In Figure 12.31 thick wiggly 
lines designate cuts for the determination of the branch of \/A and the symbols © and Q 
represent the "sign of P-Stokes curves". Here the sign of a P-Stokes curve is defined by 
the sign of 

Re / ^/Adt, 
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Figure 2.3: Domain of t. 



where f is a point on the P-Stokes curve in question and r is a P-turning point which the 
P- Stokes curve emanates from. 

As we mentioned in Introduction, the degeneration of P-Stokes geometry observed 
when arg c = ^ suggests that the "parametric Stokes phenomenon" occurs when c varies 
near argc = ^. To formulate the connection formula for this Stokes phenomenon, we define 
and analyze "the Voros coefficient of (Pii)" in the next section. The Voros coefficient plays 
an important role in the analysis of the parametric Stokes phenomenon. 

The following lemma will be used in the next section. 

Lemma 2.1. We have the following asymptotic behaviors when i — )• cxd along the P-Stokes 



curve r in Figure [273[ 

Ao(t,c) = -^t'. + \ct-' - ^cH-l +0{t-% (2.17) 

xPit,c) = -^t-l+0{t-% (2.18) 

\f^{t,c) = 0{t''^) {k>2). (2.19) 

.r\t,c) = -^,t-'^-rt-^+'-^ch-'.+Oit-% (2.20) 

4\t,c) = ^t-i+0(t-). (2.21) 

^Sli(*'C) = 0{t-"i) {k>2). (2.22) 

P_i(t,c) = -V2it^ + -ct~^ - ^^^^ c^rt +0(t~^). (2.23) 

2 16 

Ro{t,c) = -lt-i + ^ct-t+0(O. (2.24) 
4 lb 

Ri{t,c) = -ll^rt+0(0. (2.25) 

Rk{t,c) = 0(t-^) {k>2). (2.26) 

Here the branch of t^ is chosen so that Ret^ > holds on T. 



Proof. It follows from ()2.ip that Aq has the following three possible asymptotic behaviors 
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when t — )• oo. 



t 1 
i 1 



-ct 



-1 



Especially, the behavior of Aq when f — )• oo along the P-Stokes curve T is given by 

i 1 

Ao~--^t^. 

Thus we have (j2.17p . By (j2.17p we fined that R-i = \/A has two possible asymptotic 
behaviors below. 



Because the sign of the P-Stokes curve F is 0, we have 

Thus we obtain (|2.23|) . The other asymptotic behaviors are obtained from (j2.17p . (|2.23p 
and the recursive relations (cf. ([23]) . ([Tip and ([TQ]) ). □ 



3 The Voros coefficient and the parametric Stokes phenom- 
ena of (Pii) 

To formulate the connection formula for the 1-parameter solutions of (Pii), first we intro- 
duce two normalizations of 1-parameter solutions. The Voros coefficient of (-Pii) is defined 
as the difference of these two normalizations. 



3.1 The Voros coefficient of (Pn) 

We introduce two normalizations of the integral 

j RoAddt 

in ()2.6p . Because the coefficients R2k-i of r/^'^^'^^^) in iiodd have a singularity of the form 
(i — ri)~4 (where / is an odd integer) at a P-turning point t = ti, we can define the 
integral of Podd from t = ti as a contour integral: 




Here the integral /^^ Podd dt in (|3.ip is defined by | /^^ Podd dt, where Tt is a path on the 
Riemann surface of \/A shown in Figure 13.11 and i represents a point on the Riemann 
surface of ^/A satisfying that Ao(t, c) = Xo{t,c) and A(i, c) = —y^A{t, c). (The dotted 
part of Tt represents a path on the other sheet of the Riemann surface of \/A.) On the 
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Figure 3.1: Normalization 
path Tt of X^^ . 



other hand, since i?2fc-i ^ 1) are integrable at t = oo by Lemma \2.1\ the fohowing 
integral is well-defined: 



expl T] / dt+j (i?odd - rjR-i) dt 



VRodd 

A«(t,c,7?) = A~-^+7^-^A-UfR,dt)+--- 

Joo 

where the path of integral from infinity is taken as in Figure [3^21 As we noted in Section 2, 



(3.3) 
(3.4) 




Figure 3.2: Normalization path of 

once the normalization of A^^^ is fixed, a 1-parameter solution is uniquely determined. We 
define the 1-parameter solution A^ (i, c, ry; a)(resp. Xoo{t,c,r];a)) by using Ari^(resp. A^^^) 
for the normalization of A^^^ . From now on we consider 1-parameter solutions normalized 
at either t = ti or t = oo. Therefore, (pu is always normalized as 



Adt. 



Next, we define the Voros coefficient of (-Pii). There is a relation between the above 
two normalizations of A^^-*: 



where 



W = W{c,7j) 



n 



[Rodd{t,c,r]) -r]R_i{t,c))dt 
{Roddit,c,r]) - r]R^i{t,c))dt. 



(3.5) 
(3.6) 



Here Too is a path on the Riemann surface of v A shown in Figure 13.3 
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Figure 3.3: Integration path 
r 

oo • 

Definition 3.1. W{c,rj) defined by (|3.6p is called the Voros coefficient of (Pu), or the 
P-Voros coefficient for short. 

Remark 3.1. By the uniqueness of A^'^^ (k > 2), the relation ()3.5p induces the relation 
between the two normalizations of 1-parameter solutions as follows: 

Xri{t,c,r];a) = Aoo(t, c, r/; ae^). (3.7) 

3.2 Determination of the Voros coefficient of (Pu) 

We have an explicit description of the P- Voros coefficient. 

Theorem 3.1. The P -Voros coefficient ()3.6p is represented as follows: 

°° ol-2ra _ 1 
n=l 

where i?2n is the 2n-th Bernoulli number defined by ()1.4p . 

In what follows we prove this theorem by using the idea of |T2] . 
Lemma 3.1 ( jT2[ Lemma 1.2]). (i) The formal power series 

n=l ^ ^ 

satisfies the following difference equation formally: 

F{c, r/) - F{c - r]-\v) = -1 + cr] log(l + - log(l + ^ ) . (3.10) 

(a) Conversely, if F{c,rj) = X^^i Pn(c??)~'^ where Fn £ C is independent of c is a formal 
solution of ()3.10p . then it coincides with ()3.9p . 

By (|A.14p in Appendix, 

W{r-^c,rr]) = W{c,r]) (3.11) 

holds for all positive real numbers r. Thus W{c, rf) is written in the form ^^1^=1 ^n{cri)~^ 
and Wn (n > 1) is independent of c . Hence it is sufficient to show that W{c, rj) satisfies 
the difference equation (j3.10p . 

Lemma 3.2. 

W{c,7]) = ^ [_ {R{t,c,rj)-rjR^i{t,c)- Roit,c))dt. 



To 
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Proof. We have to prove that the following relation holds: 



i?even(t, C, rj) dt = I Ro{t, c) dt. 

Too Too 



By the relation (|2.13p . we obtain 



^^logRodd 



1 dR^i Id ( RoAA - vR-i 

= loff 1 H 

2i?_i dt 2 V r?i?_i 

Since the first term of the right-hand side coincides with Rq and the integral of the second 
term along Too vanishes, we obtain the desired relation. □ 



By Lemma 13.21 if we define 
I{t,c,r]) = 
Ij{t,c, rf) 
then we obtain 



R{t, c, rj) dt 



[ Rit,c-r]-\r])dt, 

JTt 



/ Rj{t,c)dt- / Rj{t,c-r]-^) 

JTt JTt 



dt (j>-l) 



W{c, r?) - W{c -r]-\r]) = - lim {l{t, c, r?) - 7?/_i(t, c, r?) - Io{t, c, r?)) , (3.12) 

where the limit is taken along the P-Stokes curve T in Figure 12.31 To calculate the right- 
hand side of (|3.12p . we employ the so-called Backlund transformation which induces the 
translation of the parameter c i— )• c — r/"^. 

Lemma 3.3 f |JMl pp. 423-424]). Let (A,i/) be a solution of {Hu). If we define 



1^-1 



-A + 



-1' + 



v-\^-\t' 



1/ - A2 - it 



1^-1 



(3.13) 



u-X^-lt 



then (A,AA) = (A(A, i^), A/'(A, z^)) satisfies the following Hamiltonian system: 

( dA ^, 

dM 



(3.14) 



— = ?? (2A^ + tA + c - r?~^). 



Thus A = A(A, v) satisfies 



dt'^ 



rf{2Pc'+tK + c-r]-^). 



(3.15) 



This lemma is easily confirmed by straightforward computations. With the aid of Lemma 
we can calculate the difference i2(t, c, r/) — R{t, c — r]~^,rj) in the following manner. 



Lemma 3.4. Let {X^'^\h'^^^) = {X^'^\t,c,ri),u^^^ (t,c,r])) be a 0-parameter solution of (Hu) . 



A(AW(t,c,r?),i.W(t,c,r?)) = A^ (t, c - r?-i, ,?), 
AA(A(°)(t,c,r?),z.W(t,c,r?)) = i.^''\t,c - 



(3.16) 
(3.17) 
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(ii) The formal solution R{t,c,r]) of ()2.8p satisfies the following: 



-1 ^_ c?iJi,/ 1 -A r]-^R{t,c,r])-2X('>\t,c,r]) 



R{t,c,r])-R{t,c-ri \r]) = -— log< 1+ c--r? 



dt ^\ \ 2' / (1/(0) (t, c, r?)-A(0)(t,c, 77)2 -it)2j- 

(3.18) 

Proo/. (i) By Lemma [331 (A(A(°), i/W),AA(A(°), i/(°))) is a formal power series solution of 
(j3.14p . so it is a 0-parameter solution of (|3.14p . On the other hand, [X^^\t,c — ri~^,rj), 
z/(*^)(t, c — T]"^,??)) is also a 0-parameter solution of ()3.14p . Because it follows from ()2.ip 
and (j2.2p that the leading terms of A(A(o), iy(o)) ^j^d A(o)(tjC — r]~^,r]) both coincide with 
Ao(t, c) , we obtain the relations ()3.16p and ()3.17p due to the uniqueness of the coefficients 
of 7]^^ [k > 1) of 0-parameter solutions of (j3.14p . 

(ii) We apply the Backlund transformation ()3.13p to a 1-parameter solution (A(t, c, r/; a), 
i/(t, c, r/; a)) of (Hu). Since A(A, i/) is expanded as 



A{X,u) = A(AW,z.W) + ar?-i(-AW - (c-V^) '-^'^ " ^^f ^^'^ 

\ 2 ' ^(^(0)_A{0)2_ 1^)2^ 

(A(A,z/), A/'(A,z/)) is a 1-parameter solution of ()3.14p . Hence 

\ 2' '(^(0)_A(0)=-lt)!j 

is a WKB solution of the linear differential equation obtained as the Frechet derivative of 
(IXT5]1 at A = A(A(0),z/(0)) = A(o)(t, c - r/"!, r/); 

- r/^ (6A W (t , c - ,7-\ r?)% t) ) W = 0. 

This implies that (^^^^ can be written as ar]~2C{ri)exp(^J^R{t,c — rj~^,7])dt^ for some 

formal power series C(r/) of ry^^ whose coefficients are independent of t. On the other 
hand, by ()2.16p . 93 is also expressed as 

1 2' '(„(0)(t,c,,)-A(»)((,<;,,)'-ii)2j "^V ' 

for some formal series C{r]) of r/"^ whose coefficients are independent of t. Therefore, by 
taking the logarithmic derivative with respect to t of these two different expressions of 
99^^), we obtain the relation ()3.18p . □ 

By ()3.18p . I{t,c,r]) is represented as 

rt, ^ , 1 -A r?-'«(t,c,r/)-2A(0)(t,c,r?) 

I{t,c,r]) = -log<l+ c--r? 



2 ' J (uio){t,c,7])-X(o){t,c,r])^-^ty 



1 -A ??-^i?(t,c,r/)-2A(0)(t,c,r?) 
+log< 1 + c - -r/ ' 



2 ' ; (1/(0) (t, c, r/) - A(0) (t, c, 7?)2 - it)2 j • 

Using Lemma l2. II in Section 2 and Rk{t,c) = {—l)^Rk{t,c) {k > —1), we then obtain the 
following asymptotic behavior of I{t, c, r]) when taking the limit t ^ 00 along the P-Stokes 
curve r in Figure [T3l 

/(t,c,r?) = -log(-ii^^r?-V3)+0(t-i). (3.19) 
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Because can be integrated explicitly as 

'2Ao(t,c) - v/A(t,c) 



j R-i{t,c)dt = ^ty/A{t,c) - 2clog< 



2Ao(t,c) + VA(t,c) J 
we also have the following asymptotic behavior of /_i(t,c, r/): 

r//_i(t,c,?7) =2 + 2c7ylog(^^) + log(-^^^^^^r?2t3) +0(t-i). (3.20) 

Furthermore, since Rq = has a singularity of the form Rq ~ — | — Ti)"^ at 

t = Ti, we obtain 

f iri 
/ Rodt = Atti Resj=ri Rq = — — ■ 
Jvt 2 

This implies that 

/o(t,c,r?) =0. (3.21) 

Making use of ()3.12p . ()3.19p . ()3.20p and ()3.2ip and taking the hmit t — )• oo, we thus obtain 
the following. 

Proposition 3.1. The P-Voros coefficient W{c,ri) is a formal solution of the following 
difference equation: 

W{c, rj) — W{c — ri~^,r]) = —1 + crj logfl H ^-—) - logfl + 



crj — 1/ \ 2{crj — 1) 

By Lemma l3.ll and Proposition 13. 11 the proof of Theorem 13. II is completed. □ 

Using Theorem 13.11 we can explicitly analyze the parametric Stokes phenomenon for 
the P-Voros coefficient which occurs when argc varies near ^. 

Corollary 3.1. By denoting the Borel resummation operator hyS, we obtain the following: 
where e is a sufficiently small positive number. 

Proof. By \T2\ Theorem 1.1], the Voros coefficient Vweber(^;'?) of the Weber equation 
(|1.2p is represented as 



1 °° 2l~2n _ 1 

yWeber(i?,r?) = - J] W^^T^T) ^2n(^i???)'-'". (3.23) 
n=l 

Because the Voros coefficient of the Weber equation Vweber(-E', r/) and the P- Voros coeffi- 
cient W{c,ri) are related as 

W{c,Tl) = -2 Vweber(-«C,??), 

the relation ()3.22p follows from |T21 Theorem 2.1] immediately. □ 

3.3 Derivation of the connection formula for the parametric Stokes phe- 
nomena through the Voros coefficient of (Pn) 

We determine the connection formula for the parametric Stokes phenomenon which occurs 
when argc varies near ^ for the 1-parameter solutions Aqo and of (Pii). 

We know the following result about the Borel summability of WKB solutions of second 
order linear differential equations. 
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Theorem 3.2 ([DPI Theorem 1.2.2]). Consider a second order linear differential equation 
of the form 

where Q{x) is a polynomial of x. Let 'ip± be a WKB solution of the above equation normal- 
ized at infinity (like (|3.3|) ), where the path of integration from x = oo is assumed to touch 
with no turning points and no Stokes curves. Then, ^± is Borel summable even under the 
situation where the degeneration of Stokes curves occurs. 

This result suggests that no parametric Stokes phenomenon occurs (when arg c varies 
near ^) for given by ()3.3p . which is a WKB solution of ()2.5p normalized at infinity 
along the path in Figure [3^21 That is, the following holds: 



S [A« {t, c, r?; a) | J = S [A« {t, a, r/; d) | 



argc=-|+eJ 



^a = a. (3.24) 

On the other hand, combining (j3.5|) . (j3.24|) and Corollary 13. H we obtain the following 
connection formula for A^iJ^ given by ()3.ip : 



S [A« {t, c, 7?; a) I . _ J = S [A« (t, c, r,; a 
^aS\e^\ ^ ]=aSl 

I largc=-S-— eJ L 



argc=-|— eJ L largc=-|+£J 

^ d = (1 + e^-^^'^) a. (3.25) 

As noted in Section 2, 1-parameter solutions are determined uniquely once the normaliza- 
tions of A*-^) are fixed. These observations suggest that the parametric Stokes phenomena 
for the 1-parameter solutions of {Pu) can be described as follows: 

Connection formula for the 1-parameter solutions of (-Pii). Let e be a sufficiently 
small positive number. 

(i) If the true solutions represented by \oo{t,c,rj;a) for arg c = ^ — e and those by 
\oo{t,c,ri;a) for arg c = ^ + e coincide, then the followig holds: 

a = a. (3.26) 

(a) If the true solutions represented by \r^{t,c,ri;a) for arg c = ^ — e and those by 
Xri{t,c,rj;d) for arg c = ^ + e coincide, then the following holds: 

a = (1 + e^"^") Q. (3.27) 

In the subsequent sections, employing the exact WKB analysis for the Schodinger 
equation (SLu) associated with (Pji) through the isomonodromic deformation, we will 
rederive this connection formula in a completely different manner. 

4 WKB solutions and the Stokes geometry of {SLu) and 

(Ai) 

(Pn) represents the condition for isomonodromic deformation of the following associated 
Schrodinger equation (SLu): 

52 



iSLu) : - v'Qii) V' = 0, 
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where 



Qn = x^ + tx^ + 2cx + 2Kii - -q ^ + r/ 



^ -2 



X - X 4(x - A)^ 



Kii = ]^[v^-[\'' + tX^ + 2c\)]. 

Here the regular singular point x = A of {SLu) is an apparent singular point because Kn 
has the above form. We will construct WKB solutions of {SLu) satisfying its deformation 
equation (-Dn) in this section. Here the deformation equation (-On) of {SLu) is given by 
the following: 

SV' .5^ 1 9^11 

^"""^ ■ m = ^''^ - 2^^' 
1 



A, 



2{x - A) ' 

Note that the system {SLu) and (-Dii) is obtained from the isomonodromic deformation 
equation of Jimbo-Miwa's form [JMl Appendix C]. 

Before discussing the construction of WKB solution satisfying both {SLu) and (-Dii), 
we first establish the relation between degeneration of the P-Stokes curves of {Pu) and 
that of the Stokes curves of {SLu). 

4.1 Stokes geometry of {SLu) 

We investigate the Stokes geometry of {SLu) in this subsection. By substituting a 1- 
parameter solution (A(t, c, ry; a), c, 77; q)) of {Hn) into the coefficients of {SLu) and 
{Dii), we find that Qn and are expanded as follows: 

Qii{x, t, c, r?; a) = Q^^ {x, t, c, 7?)+a7?- 5 Q« {x, t, c, r/)e''<^" +(ar?-i {x, t, c, r/)e2'"^" +• • • , 

(4.1) 

An{x, t, c, rj; a) = a'^ (x, t, c, r])+ar]- ^ A^^ {x, t, c, r?)e'"^" +(ar?~ ^ )2^g) r])e'^V'f>u^. . . ^ 

(4.2) 

Qif ) (x, t, c, r?) = gi'') (x, t, c) + r?-iQf ) (x, t, c) + r]'^Q^^^ {x,t,c) + -- - , 
{x, t, c, 7?) = ^ (2;, t, c) + r/-Mf ) (x, t, c) + 77-24''^ (x, t, c) + • • • . 
Especially, qIj"* and A^^ and their leading terms are given by the following: 



Q^\x,t,c,r]) = x4 + tx2 + 2cx + 2ifn-??-'^^^ + ??-'^^^3^^, (4.3) 
<\^^t^c,v) = ^(^_\(o)) , (4.4) 



Q[,°^(x,t,c) = x"^ + tx^ + 2cx - (A^ + + 2cAo) 

= (x-Ao)2(x2 + 2Aox + 3Ag + t), (4.5) 



Here (A^"-*, i^^*^)) is the 0-parameter solution which is the principal part of the 1-parameter 
solution substituted. In whal 
and Ao{x,t,c), respectively. 



solution substituted. In what follows we abbreviate Q^^ (x, t, c) and a'^^ (x, t, c) to Qo{x, t, c) 
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Definition 4.1 ( [KT41 Definition 2.4, Definition 2.6]). (i) A point x = a is called a turning 
point of (SLii) if x satisfies Qo{a^t,c) = 0. 

(ii) For a turning point x = a, a real one-dimensional curve defined by 



Im / Y^QoO^^iTc) dx = 

J a 

is called a Stokes curve of {SLu) . 

In view of (|4.5p we know that (5-Ln) has a double turning point at x = Aq and two 
simple turning points which denoted by x = ai,a2 in what follows, where ai and 02 are 
two roots of x^ + 2Aox + 3Aq + i = 0. Figure 14.11 ~ 14.31 describe the Stokes curves of 
{SLii) with t being a fixed point in the region in Figure 12.31 and arg c varying near ^. 
(Here e is a sufficiently small positive number.) It is observed that a degeneration of the 




Figure 4.1: Stokes curve of Figure 4.2: Stokes curve of Figure 4.3: Stokes curve of 
[SLii) when argc = ^ — e. [SLu) when argc — ^. [SLu) when argc ~ ^ + e. 

P-Stokes geometry of (Pii) and that of the Stokes geometry of {SLu) occurs at arg c = | 
simultaneously. This intriguing observation can be confirmed analytically by the following 
proposition. 

Proposition 4.1. 

j y/Qo{x,t,c) dx = -- / A/A(t,c) dt = nic. (4.7) 

Here the integral J^^ a/ Qo{x, t, c) dx is defined by ^ \J Qo{x, t, c) dx, where 7 desig- 
nates the closed curve in the cut plane shown in Figure \4-4[ o,nd the path of the inte- 
gral J^^ \J A{t, c) dt is taken to be along the P-Stokes curve which connects two P -turning 
points t = Ti and T2 in Figure \2.S[ ( The Wiggly line in Figure \4-4\ ^ cut to define the 
Riemann surface of \/Qo. We adopt the branch of \/Qo such that \/Qo ~ x^ as x —)• 00 
in this cut plane.) 

Proof. Firstly, we compute the integral J^^ \J Qo{x, t, c) dx. Because y/Qo has no singu- 
larities besides at x = ai, 02 in C, we have 

^yQo{x,t,c)dx = -2m ReSa;=oo {^/Qoix^t.c) dx) . (4.8) 
We also obtain 

ReSx=oo{vQo{x^t^ dx) = -c 
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Figure 4.4: Integration path 7. 



by ()4.2ip below. Hence we find 



0.2 



\l Qo{x, t, c) dx = Trie. 



Next, we prove the first equahty of (g^]). It fohows from [KTil Theorem 4.9] that, 
when t tends to a simple P-turning point, a simple turning point of (SLu) merges with 
the double turning point x = Xq. Under the current situation we can check that x = aj 
merges with the double turning point x = Aq at t = tj for j = 1,2 respectively by 
numerical computation. Thus, by the same theorem in |KT4| . we also have 

[ " VQoix,t,c)dx = ±^ [ VA{t, c) dt (i = l,2). (4.9) 



The sign of the right-hand side of ()4.9p depends on the choice of the branch of v A. Thus 
we obtain 



TTIC 



ra.2 Y 

/ x/Q;^(M^c?a; = ^- / V^(t,c) dt. (4.10) 

J ax ^ Jti 



Since the branch of \/A was determined such that the real part of J^^ yJ~Kdt is positive 
when argc = ^ (see Figure 12. 3p , the sign of the right-hand side of ()4.10p is — (hence the 
sign of (j4.9p is +), which completes the proof of Proposition 14.11 □ 

4.2 WKB solutions of {SLu) and (Ai) 

We construct WKB solutions of {SLu) satisfying (-D11) simultaneously in this subsection. 
Although Qii is expanded as ()4.ip . we can construct WKB solutions in the following form, 
similarly to [KT41 §2] (the well-definedness of the integral will be confirmed in Lemma [4. II 
below): 

V'i.oo = ^^=exp ± I / S-idx+ [ [Sodd - riS^i)dx\ , (4.11) 

V '-'odd I Jai J 00 ) 

where 

5odd(x, t, c, r,- a) = S^^lix, t, c, ^)+av-"^ S^J^^{x, t, c, r/)e'"^"+(a7?-i)25Sij(x, t, c, v)e^^'^''+- ■ ■ 

(4.12) 

is the odd part (in the sense of Remark 12. ip of a formal solution 

S{x, t, c, r/; a) = 5^°) (x, t, c, r/) + ari'^^S^^'^ (x, t, c, r?)e'''^" + {ar]-^2)^S^^^ (x, t, c, r/)e2'''^" + • • • 

(4.13) 
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of the associated Riccati equation of (SLu) 



dS 

S'^ + — = rfQii{x,t,c,r]-a), (4.14) 

■^odd ^'^'-^ ^'^^^ formal power series of r/^^ of the form 

t, c, r/) = r/5S!i c) + 5^^ ^(x, t, c) + r/'^^Si t, c) + • • • (A; > 0) , 

(x, t, c, r?) = (x, t, c) + S^^^ (x, t, c) + r^-^^f ^ (x, t, c) + • • • (A; > 0) , 

and 

5'_i(x,t,c) = 5i°i^(x,t,c) = ^jQo{x,t,c) 



= (x-Ao)yx2 + 2Aox + 3A2 + t. (4.15) 
The formal series S^^"^ {k > 0) satisfy the following differential equations: 

ax 

25(0)^(fe)^ y S{fci)5(fe2) + ^ = ^2qW (^>i). (4.17) 
^-^ ox 

ki+k2=k ,kj<k 

(k) 

Once we fix the branch of S-i, then S^, is determined uniquely by the following recursive 
relations: 

2S_4S+ E + ^ = ^3^2 (fc>0,^>-2) (4.18) 

fci + fc2 — fc 

^1 +12 

< kj < k, Ij >0 

In what follows we adopt the branch of S-i such that S-i ~ x^ as x — > oo on the cut 
plane shown in Figure 

Proposition 4.2. 

-^Sd,-! = ^-1 = (^>1)- (4-19) 
Proof. The following relation is shown in [AKTU Proposition 2.1]: 

d „ 9 / . „ ldAii\ 



Comparing the coefficients of e'^^'^" of both sides of the equation ()4.20p . we obtain 

* 1 F)Ai^) 



9 5/,m„.n^ ^ .11. IdA 



II 



(ii dt dx\ ^ 2 9x 

By taking the coefficients of rf' of both sides of this equation, we have k^S^^l = 0. Thus 
we obtain (|4.19|) . It is obvious that 5^^|j _^ = S^^\ for all A; > by the definition. □ 

We can check the following facts easily by straightforward computations. 
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Lemma 4.1. The following asymptotic behaviors hold as x — )• cxd; 

S_i(x,t,c) = x^ + ^ + - + Oix-^), (4.21) 
2 X 

S^^\x,t,c) = -x-i + 0(x-2), (4.22) 

SP{x,t,c) = 0{x-^){i>l), (4.23) 

5f)(x,t,c) = 0{x-^) {k>l,e>0). (4.24) 

Therefore, the integral in (|4.11|) is well-defined. We also note that 5even) the even part of 
S (in the sense of Remark 12. ip , satisfies that 

1 d 

Seven = "-^logSodd- (4.25) 

2 ox 

The WKB solutions ip±^oo do not satisfy (-Dii). As a matter of fact, we can verify the 
following proposition. 



Proposition 4.3. 



Proof. Using ()4.20p . we have 

d d 

Ol^odd = Q^{AiiSodd), (4.27) 

Taking these relations into account and differentiating 'tp±^oo with respect to t, we obtain 
the following: 



d , 11 dSodd , , , 



dS d 1 



f-X Q f-X Q >. 

J —{AoS^i)dx + J —{AiiSodd - r]AoS-i) jilj±^c 



2 V 9x 5odd Sx / '°° 

±Aii5oddV'±,oo =F [^ii^odd - ??^0'S'-i] V'i.oo- (4.29) 

x=oo 

Since An behaves as 

2{x - Ao) 2(x - Ao)^ 

when X tends to oo, we have 

[^ii^odd - vAqS.i] = J7?(A - Ao) (4.30) 

x=oo 2 

in view of (|4.2ip ~ (j4.24p . Furthermore, it follows from the definition (|4.1ip of V'lt.oo that 
Making use of ([Mjl . (OOD and we have (06|) . □ 
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Proposition 14.31 implies that the WKB solutions 

+ -U 

■0±,iM = e 2 ip^^^ 
satisfy both (SLu) and (Dii), where 

U = U{t,c,r];a) = r] [ {X{t,c,ri;a) - Xo{t,c))dt. (4.32) 



(IM stands for Iso-Monodromic.) The Stokes multipliers of (SLu) around x = oo will be 
computed in Section 6.3 by using V'lt.iM- 

Remark 4.1. The integral ()4.32p is defined in the following sense: 
U{t,c,T];a) = [/(°)(t,c,7?)+a7?-5[/(i)(t,c,ry)e'''^" + (ar/~^)2[/(2)(t,c,r?)e2'''^"+--- , (4.33) 

(t, c, r/) = Uil'^ it,c)+ C/f ^ (t , c) + t^-^U^''^ (t, c) + • • • (A; > 0) , 

where U^^^ is defined by the following integral whose integration path is the same as the 
normalization path of A^'* (see Figure 13. 2p : 

C/W(t,c,r?) = r/ AA(o)(t,c,r/)-Ao(t,c))dt, (4.34) 

J oo 

and (A; > 1) is the unique formal series satisfying 

' dt dt 2 ' 

This is not an integral in the usual sense, but U satisfies 

^C/ = r?(A-Ao). (4.35) 

The end point t = oo of the integral in ()4.32p is chosen so as to obtain an explicit repre- 
sentation of the "Voros coefficient" of {SLu)^ which will be calculated in the next section. 
We also note that, making use of Lemma 14.11 and (|5.2Up below, we have the following 
asymptotic behavior of V'i.iM as x tends to oo: 

(4.36) 

If we define u by 

4 / 2A^ -\- i\ 
logn =-ri\l + cr? log ( (4.37) 

we can verify that 

— log?/ = -r]X. 

Hence, the quantity u defined above is nothing but u which appeared in |JMl (C.10)-(C.13) 
in Appendix]. 

Remark 4.2. Since So^d and U are expanded as ()4.12p and (|4.33p respectively, V'±,IM is 
expanded as follows (see also Proposition 14. 2p : 

iI^±,im{x, t, c, r/; a) = {x, t, c, ry)+ary- (x, t, c, ?7)e'''^" +(aT/-^ ) V± ^ {x, t, c, r/)e2''*" +• • • , 

(4.38) 

V'±''(x,t,c,r/) = r7~^V'±,o(a::,*,c)+r?~V±,i(a;,t,c)+^"^V'±^i(^'*'C)+- • • }exp±7/( / S^i{x,t, c)dx) . 
Especially, Tp^^ is given by the following: 

V'f (x, t, c, rj) = ^^exp ± I + (^JJ^ - r?5_i) dxj exp ± r? ( S^^dx) . (4.39) 

0(0) L ^ -'00 J ^Jai ' 
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Remark 4.3. Because ReSa;=oo{ (5'odd - r?S'_i)dx} = by (|4.23p and (j4.24p . we have 

S'odd dx = -nicrj. (4.40) 



(The left-hand side is defined by the contour integral \ S'odd dx, where 7 is a closed path 
in Figure H31) This relation will be used in the computations of the Stokes multipliers of 
(SLn). 

5 The Voros coefficient of {SLu) 

In this section, as a preparation of the computation of the Stokes multipliers of (SLu), we 
investigate the Voros coefficient of (SLu). 

5.1 The Voros coefficient of (SLu) 

First we define the Voros coefficient of {SLu). 

Definition 5.1. The Voros coefficient of (SLu) is given by 

/oo 
{Sodd{x,t,c,ri;a) - r}S-i{x,t,c))dx. (5.1) 



ai 



Here the right-hand side of (jS.ip is defined by 

1 

2 



5odd(a^,i,c,r/;a) - r/5_i(x, t, c)) dx, 



7oo 



where 700 is a path on the Riemann surface of \/Qo shown in Figure 15.11 (The dotted 
part of 7oo represents a path on the other sheet of the Riemann surface of ^/Qq.) The 
right-hand side of (|5.ip is well-defined by Lemma l4. 11 



Too 



Figure 5.1: Integration path 700- 

Because 5odd is expanded as (j4.13p . V is also expanded as follows: 
F(t,c,r/;a) = V'^^\t,c,r]) + ar]-W^^\t,c,r])e'^'t'^^ + {arj-\fV^'^\t,c,T^)e^i't'^^+--- , (5.2) 

yW(t,c,r?)= / (s2;,(x,t,c,r/)-r/S_i(x,t,c))dx = yo^°)(t,c)+r?-iy/°)(t,c) + --- , 

J ai 

(5.3) 

y('=)(t,c,7?)= / Si%{x,t,c,7j)dx = vi''\t,c)+v~'v}'\t,c) + --- ik>l). 

23 



Proposition 5.1. 

4^ = ^^(A-Ao). (5.4) 



dt 

Proof. Using (j4.27p . (|4.28p and (|4.3U|) . we can compute -^V as follows: we have 



700 

I f d 

^ "J 00 

-77(A-Ao). 



2 
1 

□ 



Proposition 15.11 together with ()4.35p shows that the quantity 2V — U is independent 
of t. Since 2V — U is expanded as 

2y-C/= (2y(°) -C/(°)) + ar?-5(2F« -?7W)e''<^" + (ary-3)2(2y(2) _[/(2))e2^<^ii + ... , 

this independence of t implies that all the coefficients of e'^'''^" (A; > 1) must vanish. So 
we obtain the following: 

Proposition 5.2. 

2V{t, c, a, r]) - U{t, c, a, rj) = 2^^°) {t, c, rj) - C/(°) {t, c, 77) (5.5) 
and this is independent oft. 

In view of (I13D, dHH), and ([53]) coincides with the Voros coefficient of (SLu) 
with a 0-parameter solution of (Hu) substituted into the coefficients of Qu. Hence, to 
compute 2V — U, it suffices to consider (SLu) with a 0-parameter solution substituted . 

5.2 Determination of the Voros coefficient of {SLu) 
We have an explicit description of the quantity 2V — U. 
Theorem 5.1. 2V — U is represented explicitly as follows: 

2V{t, c, v) - Uit, c,r^) = - J2 2^2^-1) ^^"^^"^^'"'"' ^^'^^ 
where i?2n is the 2n-th Bernoulli number defined by (|1.4p . 

We will prove Theorem 15.11 in the remainder of this section. The idea of proof is similar 
to that of Theorem 13.11 that is, we derive the difference equation for V^^\ which is the 
Voros coefficient of (SLu) with a 0-parameter solution substituted. 

Lemma 5.1. 

y (0) {t,c,7j) = l [ (5(0) (x, t , c, r?) - (x, t , c) - 5^°^ {x,t,c))dx. (5.7) 
^ -'700 

We omit the proof of Lemma 15.11 because we can show it similarly to Lemma 13.21 By 
Lemma 15.11 if we define 



J{x,t,c,ri) = / S^^\x,t,c,r])dx — / S^^\x,t,c — r] ^,ri)dx, 
Jj{x,t,c,if) = / Sf\x,t,c)dx- / Sf\x,t,c- r]~^) dx (j > -1), 

J^x J^x 
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then we obtain 



2V^^\t,c,r])-2V^^\t,c-rj-\r])= lim {j{x,t,c,ri)-rjJ_i{x,t,c,rj)-Joix,t,c,T])). (5.8) 

Here 'jx is a path on the Riemann surface of \/Qo shown in Figure I5■2^ where x rep- 
resents a point on the Riemann surface of -v/Qo satisfying QQ{x,t,c) = Qo{x,t,c) and 
^y Qo{x, t, c) = — \J Qo{x, t, c). (The dotted part of represents a path on the other sheet 
of the Riemann surface of -v/Qq.) To calculate the right-hand side of (|5.8|) . we employ 




Figure 5.2: Integration path 'jx- 

the so-called Schlesinger transformation of (SLu), which induces the translation of the 
parameter c i— )• c — rj~^, as the counterpart of Backlund transformation of (Pu) in Lemma 
331 



Lemma 5.2 ([JM', pp. 423-424]). Let^p = ip{x,t,c,r]) he a solution of (SLu) with a solution 
(Xju) of (Hii) substituted into Qu. If we define (p = if{x,t,c,r]) by 



with 



dtp 

ip{x,t, 0,7]) = f{x,t,c,'n)'il;{x,t,c,'n) + g{x,t,c,'n) — {x,t,c,r]) 



f = {x-A{X,u)) ^x - A)-I{x^ - + ^ - r]~' ^^J_ ^^ }, 
-77"^(x - A(A,i^))"^(x - A)"5, 



(5.9) 



g 



then ip satisfies the following: 



(5.10) 



where 



Q„ = + tx' + 2(c - v-')x + 2Ku - + 



Ku 



2 L 



x-A{X,u) ' 4(x-A(A,z/))2 



AA(A, - (A(A, u)* + 1 A(A, uf + 2(c - r?"^)A(A, u)) 



(See Lemma [^73\ for the definition of (h.{\,v),J\f{\,v)).) 

Lemma [5.2l can be shown by straightforward computations. With the aid of this Schlesinger 
transformation, we can derive the difference equation for S^^\ 
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Lemma 5.3. Let S^^\x,t,c,r]) be a formal power series solution of the Riccati equation 
(|4.14p associated with (SL\i) with a 0-parameter solution (\^^\t,c,rj), u^^\t,c,r])) of {Hn) 
substituted into the coefficients of Qu. Then S^'^\x,t,c,r]) satisfies the following: 

{x, t, c, r/) - (x, t,c-rj-\rj) = -^log (x, t, c, r/) +5(0) (x, t, c, r?)5(°) (x, t, c, r/)) , 

(5.11) 

where f^^\x,t,c,r]) and g^^\x,t,c,r]) are the formal power series of r] ^ obtained by sub- 
stituting (X^^^ , ) into the expressions of f and g in Lemma 15.^ respectively. 

Proof. We apply the Schlesinger transformation of Lemma 15.21 to a WKB solution 

t, c, 77) = exp^ J S^'^^x, t, c, rj) dx^ 

of (SLii) with (A'^"-', i^*-*^)) substituted into its coefficients. Then, by Lemma 15.2^ 

dip 

ip{x,t,c,rj) = f^^\x,t,c,r])ilj{x,t,c,r]) + g^'^\x,t,c,rj) — {x,t,c,r]) 



^/(°) (x, t, c, rj) + 5(0) (x, t, c, r/)5(0) (x, t, c, r/) j t, c, r?) (5.12) 

satisfies (|5.10p with (A'-''^ z^^'^^) substituted into the coefficients of Qu. On the other hand, 
smcG 

(A(A(°), i/W), AA(aW, Z.W)) = (A(0)(t, c - 7?-', ^), 1^^°^ [t, c - ^-\r,)) 

holds as noted in Lemma 13.41 (i), the potential of the differential equation satisfied by 
of ()5.12p is given by Q^{x,t,c — r]~^,rj). Therefore, 99 is also represented as 

ip = C{r])ex.p(^J 5(°)(x,t,c-r?-\r?)dx) (5.13) 

for some formal power series C(r/) of rj~^ whose coefficients are independent of x. Thus, 
taking the logarithmic derivatives with respect to x of (j5.12p and (|5.13p . we have the 
required relation (|5.1ip . □ 



By Lemma 15.31 J is represented as 

(5.14) 



[ / W (x, t, c, 7?) + ffW {x, t, c, 77)^(0) (x, t, c, 77) 

(X, t, C, 7?J log I ^^^^ ^ ^(^^ ^^^(^^ 

In order to know the asymptotic behavior of J when x tends to 00, we have to investigate 
the asymptotic behaviors of f^^\ g^^^ and S^^\ The asymptotic behaviors of f^^^ and g^'^^ 
are given by 

/(°)(x,t,c,r?) = x + i(AW+A(A(0),..W)) 

+ (^(0) _ 5;^{o)2 ^ iA(o)A(AW,i/W) + -A(A(o),i.(o))')x"' 
8 4 8 

+ 0(x-2), (5.15) 



Ix 



9(°)(x,t,c,r/) = -r7-i{x-i + i(A(0)+A(AW,^W)): 

+ (3;^(0)2 + iA(o)A(A(o), i/W) + -A(aW, z.(o))2)x-3| 
8 4 8 J 

+ 0(x-^). (5.16) 
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(Here we take the branch (x — A{X,u)) ^{x — X) 2 ~ x as x tends to 00. We note 
that the choice of the branch of (x — A(A, i^))^2 (x — A)~2 does not affect to (|5.14|) .) The 
behavior of S^^^ follows from Lemma |4. II 

5(°)(x,t,c,r/) = +[rix^ + ^tri+{cri-l)x-^ +0{x-'^)^, (5.17) 

S'(°)(x,t,c,r/) = -(^7?x2 + itr7+ (c?? + l)x"^ + C'(x"2)). (5.18) 

Hence, we have the following asymptotic behavior of J: 

J = -iog{ i(i.(0) - a(0)' - lt)x-^} + 0{x-^). (5.19) 

Because we can compute the integral of S-i explicitly as 

/ S^i{x,t,c)dx = -(x2 + 2Aox + 3Ao + t)i -2Ao(x + Ao)(x2 + 2Aox + 3Ao + t)^ 

■ 2(x + Ao) + 2(x2 + 2Aox + 3Ag + t)^ 



+ cloe 



2(x + Ao) - 2(x2 + 2Aox + 3Ag + t)^ 



2 4 / 2A^ -\- 1\ 
x^ + ix + 2clogx --Aj]-clog( 2- I +0(x"^), (5.20) 



3 ° 3 

we also have the following asymptotic behavior of J_i: 

VJ-I = -^r?(Ao(t,c)3-Ao(i,c- 77-1)3) 
f 2Ao(t,c-r?-i)2 + t 

+ M- 2Ao(.,c-ti)^ + J +^(-")- (^-^^^ 

Furthermore, since Sq*^^ = ~f 5~"^§^ is single valued at x = ai and has a singularity of 
the form S^^^^ ~ — |(x — ai)-"*^ as x tends to ai, we have 



/ 



Sg^^dx = 27riReSx=aiSQ^^ ^ ~Y' 



This implies that 

Jo = 0. (5.22) 
Making use of (j5.19p . (j5.2ip and ()5.22p . we have the following asymptotic behavior: 

J-r?J_i-Jo = ^r?(Ao(t,c)3-Ao(t,c-r?-i)3) 



- crj log 



2Xo{t,c-ri-^y + t 



2Ao(t,c)2 +t 

Therefore, by taking the limit x — >• cxd in both sides of ()5.8p . we obtain the difference 
equation for V^^^ as follows: 
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Proposition 5.3. The Voros coefficient V^^^{t,c,r]) satisfies the following difference equa- 
tion formally: 

2yW(t,c,r/)-2yW(t,c-r?-\7?) = {X,{t,cf - Xo{t,c - r^-'f) 



■ cr/ log 



2Xo{t,c-r]-y + t 



2Ao(t,c)2 + t 
^ f 2A W (t, c,r?)2+t- 2^ W(t,c, 77) -( 



Although it is difficult to solve (|5.24p explicitly, we can obtain the following fact from this 
relation. 

Proposition 5.4. The limit V^^\oo, c,ri) of V^^\t,c,ri) as t tends to 00 along the P- 
Stokes curve T in Figure \2.3\ is represented explicitly as follows: 

1 °° r,l-2n _ 1 

V""'(oo..,,) = --2_^-^B,„(.,).-^ (5.25) 

n=l 

Proof. Since 

2y(0) _ [/(o) is independent of t and — )• as t — )• 00, the limit 
y(°)(oo,c,7?) = yJ°^(oo,c) +T/-V/^^(oo,c) +r/-V2^^^(oo,c) + ••• 

is well-defined. Moreover, because it follows from ()A.23p in Appendix that V^^^ is invariant 
under the scaling (c, r/) 1— )• {r~^c,rr]), V^^\oo, c,r]) is written in the form Yl^=i ''^nicr])~'^ 
where G C is independent of c . Hence it suffices to show that 2V^^\oo, c,ri) satisfies 
the difference equation (|3.10p by Lemma l3. II Because the following asymptotic behaviors 
for t — )• 00 

Xo{t,cf-Xo{t,c-r]-^f = -^ir^ + 0{t-l), (5.26) 
2Ao(t,c)2 + t = -\/2ict~^ +0(^2), (5.27) 

2X^°\t,c,r]f +t-2u^°\t,c,7]) = ^(1 -2cr/)T/-4-5 +0(^2), (5.28) 

v2 

hold by Lemma I2.H by taking the limit t — )• 00 in both sides of (j5.24p . we have 
2y(°) (00, c,r/) - 2V^°'>{oo,c- r]-\r]) = -1 + CT^logfl H ^—'j _ logA + ^ 



ci] — 1/ \ 2{crj — 1) 

Thus the proof of Proposition 15.41 is completed. □ 

bmce 2V -U = 2y(0) - C/(0) ig independent on we obtain 

2y {t, c, r/) - C/(o) (t, c, r/) = 21/ (00, c, r/) 

by taking the limit t — )• 00. (Note that U^'^^ — )• as t — )• 00.) Hence Theorem 15. II is derived 
from Proposition 15.21 and Proposition 15.41 immediately. 

Corollary 5.1. 

L largc=-|— eJ ^ ' L largc=-|-+£J ' ^ ' 

where e is a sufficiently small positive number. 

Proof. Because 2V — U = W holds, Corollarv 15.11 follows from Corollary [3T] immediately. 

□ 

As we will see in Section 6, the t-independent quantity 2V—U appears in the expression 
of the Stokes multipliers of (S'Ln). Corollarv 15.11 will be used in the derivation of the 
connection formulas for the parametric Stokes phenomenon of 1-parameter solutions in 
Section 6.4. 
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6 The Stokes multipliers of {SLu) around x = oo and the 
parametric Stokes phenomena of (Pn) 

To seek the connection formulas for V'ijM on Stokes curves of (SLu) emanating from the 
double turning point x = Aq, we make use of the local transformation theory established in 
[AKTl] (cf. [KT2], P?T3] and [Tl] also), which reduces (SLu) to the fohowing canonical 
equation (Can) in a neighborhood of x = Aq: 



(Can): - ??^Qcanj = 0, 



where 



3 

Qcan = <3can(i,-E,«T,p,??) = Ax + 7] E -\ j \- T] 



Note that one peculiar feature of (SLu) is that the location of the double turning point 
X = Ao coincides with the leading term of the apparent singular point x = A of (SLu). 
The canonical equation (Can) shares the same structure. 

Later we need to consider the deformation equation (.Dean) of (Can) which is given by 
the following: 

(D )-^-A ^-i^^w; 



A. 



can — 1 

2(x — rj^^a) 

The compatibility condition of the system (Can) and (-Dean) is represented as the following 
Hamiltonian system (Hcan)- 



{He 



da 

= —Ana. 
dt ' 



A general solution of (i^can) is given by 

<^ (6.1) 

( p{i, A, B, 7]) = -2 A e^''* + 2B e'^^*, 

where A and B are free parameters. Taking appropriate parameters A and B, we will 
obtain a full order correspondence between the WKB solutions ip±jM of (SLu) and {Du) 
and some WKB solutions of (Can) and (-Dean) through the transformation theory. 

6.1 Transformation of (SLu) near the double turning point x = Aq 

First we review the transformation theory from (SLu) to (Can). 

Theorem 6.1 ( |AKTH Theorems. 1], |KT31 Theorem2.1]). There exist a neighborhood U 
of X = Xq and a formal series 

XII = xii(x,t,c,7?;Q) 

= x[j\x,t,c,r]) +a'n-^x[Wx,t,c,7])e'^'^^' + {ar]-^fx[f {x,t,c,ri)e'^'^'^'' +••• ,(6.2) 
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x[f' {x,t,c,r]) = xl^\x,t,c) + r] ^x[^\x,t,c) + r] ^X2'^-'(x, t, c) H 

satisfying (i) ^ (iv) below. 

(i) xf\x,t,c) (k > 0,i > 0) are holomorphic in x and also in t. 
(a) x'^\x,t,c) satisfies that 



4°^(Ao,t,c) = 0, (6.3) 



5x, 



(0) 




(Hi) 
(iv) 

where 



dx 



■(Ao,t,c) / 0, (6.4) 



x}^ '{x,t,c) = {k> 1). (6.5) 
Qu{x,t,c,r];a) = (^^^^ QcsLn{xu, E,a, p,7]) - ^r]~'^ {xu; x}, (6.6) 

a = a{t,c,rj;a) = r]^xu{X{t,c,r];a),t,c,rj;a) , (6.7) 

f. X 1 u{t,c,r];a) 

p = p{t,c,r]]a) = —"n^i) — 7 r 

-^{X{t,c,r];a),t,c,r];a) 

3 _i ^^{X{t,c,r];a),t,c,r);a) 

-4^ ^' ^'-'^ 



^■^{Ht^c,r];a),t,c,ri;a) ^ 

E = E{t,c,r];a) = p{t,c,r];a)'^—Aa{t,c,r];a)^, (6.9) 

and {xii;x} denotes the Schwarzian derivative, i.e., 

_ d^xii I dxii 3/ 9^X11 I dxii\^ 
ix\i:X\- I 2\dx^ / dx ) - 

Remark 6.1. We note that [AKTU Theorem3.1] and pTTgl Theorem2.1] deal with the 
case where a 2-parameter solution of (Pii) substituted into the coefficients of {SLu). 
Although 1-parameter solutions are not discussed in those papers, the proof of Theorem 
16.11 can be done in a similar manner. 

Remark 6.2. In what follows we abbreviate x^q^ to xq for simplicity. The coefficients 
xl^^(x,t,c) are uniquely determined once the branch of 



xo(x,t,c) 



^jQo{x,t,c)dx 
Ao 



(6.10) 



is fixed. We adopt the branch in such a way that 



xo(x,t,c) ~ A3(x- Ao) (6.11) 

holds as X tends to Aq, where the branch of A* is taken to be the same as in the expressions 
(1321) and (1331) of A^^). 



We write down some properties of the formal series E, a and p. These properties are 
used in the construction of tu (in Proposition 16. 3p and the computations of the Stokes 
multipliers of (SLu). 



30 



Proposition 6.1. 

E{t,c,rj;a) =0. (6.12) 
Proof. It is shown in [AKTU (3.33)] that the following holds: 

E 

— = Res2.=Ao5'odd- (6.13) 
Because ReSa;=Ao 'S'odd is independent of t by (j4.27p , the coefficients of e^''''^" in 

Res,.=Ao5odd = Res,=Ao52!i + a^?"^Res,=Ao5'i;lie'^*" + («^"^)'Res,=Ao5Sde""^" + " " " 

must vanish for all A; > 1. Furthermore, Res3;=Ao 'S'^^^lj ~ follows from (ii) of Lemma |6. II 
below. Thus we have ()6.12p . □ 

The formal series a and p of ()6.7p and ()6.8p are expanded as follows: 
a{t, c, r/; a) = rj^ (a^^) (t, c, rj) + arj'^a'^^^t, c, r?)e'''^" + {ar]-^fa'^^\t, c, r])e'^'^^'' +•••}, (6.14) 

p{t, c,r]■,a)=7]^ (t , c, r?) + ar?" ^ (t , c, ??)e'''^" + {ar]~ ^fp^^^ {t, c, r])e^'^^'' +•••}, (6. 15) 

a('=)(t,c,7?) = af\t,c)+r^-^af\t,c)+r\f\t,c) + --- , 
p^'\t,c,^) = pi'\t,c)+rj-'p['\t,c) + r'p^\t,c) + ---. 

We know that 

p^°\t,c,r)f -4a^^\t,c,r]f =0 (6.16) 
as a consequence of Proposition 16.11 
Proposition 6.2. 

c7(0)(t,c,r?)=pW(t,c,7?)=0. (6.17) 
To show Proposition 16.21 we recall the following lemma: 

Lemma 6.1 ( pTTil Theorem 4.4], pTT^I Theorem 1.1, Theorem 1.2, Proposition 1.4]). (i) 

There exists a formal power series z{x,t,c,ri) = ZQ{x,t, c) +r]~^ zi{x,t,c) + r]~'^ Z2{x,t, c) + 
■ ■ ■ whose coefficients are holomorphic at x = Xq satisfying 

Qij^(x,t,c,??) = (|^(2;,t,c,r/)) ^^4z{x,t,c,7]f+T]~^j^^^^^-—^^-^r]~^{z{x,t,c,r]);x}^ 

(6.18) 

The coefficients Z£{x,t,c) are uniquely determined once we fix the branch of 



\/QQ{x,t,c)dx 



(6.19) 



ZQ{x,t,c) = 
Moreover, 

zi(x,t,c)=0. (6.20) 

(ii) All the coefficients of the formal power series S^^^ and Sj^^^/ {x — X^^^) are holomorphic 
at X = Xq. 

(Hi) The formal series z{x,t,c,7]) in (i) satisfies the following: 

dz 

'S'lddl^^'^iC,??) = 2r] z{x,t,c,r]) — {x,t,c,r]). (6.21) 
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Since 

'-"odd 

follows from (ii) of Lemma EU we obtain 



^idd(A^°^(i>c,r/),t,c,ry) 



z(A(°)(t,c,7?),t,c,r?) =0 (6.22) 

from ()6.2ip and the invertibility of the formal power series ^ (A(°)). Now we show that 
the following lemma which is a generalization of Proposition [ 



Lemma 6.2. // the branch of zq is taken as zq = xq, then we have 

xf'\x,t,c) = Z£{x,t,c), (6.23) 
aP{t,c) = pf\t,c) = 0, (6.24) 

for all i>0. 

Proof of Lemma 1 6. ^ We prove Lemma E2] by induction. Because = xo(Ao) = and 

Pq — 4 ctq =0 follow from ()6.10p and ()6.16p . the claim for £ = holds. Next we assume 
that the claims are true for £ = 0, • • • ,L — 1 for a positive integer L > 1. Since the formal 
power series xjj'* {x, t, c, rj) and z{x, t, c, rj) satisfy 

Q^\x,t,c,v) = (-^(x,t,c,r?)) Qcan(xff^(x,t,c,r7),ii;(°)(t,c,r7),aW(t,c,r,),p(0)(t,c,r?) 

-^V''^{Al\x,t,c,r]);x}, (6 

and ()6.18p respectively, x^^^ and zl satisfy the following differential equations respectively: 

dxn , dx^P^ col X /X /X 

di^ = ^L(x,t,c), (6.26) 

Here ri (resp. fi) is written by xo,-- - ,xl-i, c7"q°\ • • • and ■ ■ ■ , p^^Li (resp. 

Zq, - ■ ■ ,zl-i, o'^\ • • • ,cri^li and p'^\ ■ ■ ■ ,p^l]^). Therefore r^ = fi holds under the as- 
sumption of the induction. Hence it follows from (j6.26p and (|6.27p that xo{x^^^ — zl) 

SO) 



equals some constant which is independent of x. The holomorphy of x^'' and at x = Ao 



implies that the constant must be 0. Thus we obtain = zl, and a^l^^ = pf^ = follows 
from ^^?m and (fUT^ . □ 

We note that 

xf^(x,t,c) = 0, (6.28) 

^^(0) 

•S'ldd(a;,i,c,r/) = 277x|j^(x,t,c,r/)-^(x,t,c,r/), (6.29) 



follow from Lemma 16.11 and Lemma 16.21 

Unfortunately, Theorem 16.11 is not sufficient to determine the connection formula for 
V'lt.iM on Stokes curves emanating from x = Aq in all orders. For that purpose we consider 
an extended transformation of the simultaneous equations {SLu) and (-Dii), which is 
constructed in [KT3] . (See Proposition 16.41 below.) We introduce the formal series tn 
which plays a role of the transformation of the independent variable of (-ffcan)- 
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Proposition 6.3 ( |KT31 Lemma 3.3]). There exists a formal series 

tii = tu{t,c,ri;a) 

= t^\t,c,7]) + ar]-h^\t,c,rj)e'^'f'^^ + {ar]-'2)h^\t,c,v)e^'^'f'^' + ■■■ , (6.30) 

tip {t, c, 7?) = 4^"^ {t, c) + r?-itf ) (t, c) + T]-hi^^ (t , c) + • • • , (6.31) 
satisfying (i) and (ii) below. 

tS'\t,c) = ^Mt,c). (6.32) 

tf\t,c) = 0. (6.33) 

tf)(t,c) = {k> 1). (6.34) 

(n) 

a{t,c,rj;a) = e^'' *"(*'^''^;°). (6.35) 
v2 

p{t,c,ri;a) = -\/2a e^''*"^*''^'^;"). (6.36) 

Remark 6.3. The right-hand sides of (j6.35p and (j6.36p are the formal series obtained 
from the solution ()6.ip of (-ffcan) through the substitution 1 1— )• tu and {A, B) i— )• ("^a, 0). 
The choice of the parameters originate from Proposition 16.21 and the following relations: 

a (0) 1 

a«(t,c) = 4i)(Ao,t,c) + ^(Ao,t,c)A«(t,c) = -=, 



^o(^. ^) (^(Ao, ^, c) + ^(Ao, t) a(^) (t, c)) ^(1) 



^(Ao,t,c)) W 

In what follows we abbreviate t^Q^t^c) to to[t,c). The formal power series tjj^ is 
determined by the following relation: 

a«(t,c,r?) = i=exp(2r?(4°^(t,c,7y)-to(t,c))). (6.37) 
(We note that a^^\t, c,7]) = by Proposition 16.21 ) The relation 

(6.38) 

also determines tjj^ (A; > 1) uniquely. 

Making use of the above transformation theory, we obtain a correspondence between 
WKB solutions of (SLu) and (Can) satisfying their deformation equations. 

Proposition 6.4 ( [KT31 Proposition3.1]). Let ip{x,t,r]; a) be a WKB solution of (Can) 
and (Dcnn) with the solution 

{ait, n; a) = 4=a e^^*, 
J ^r- or 6.39 

p{t,r];a) = -Vlae^"^^, 

of (Hcan) substituted into their coefficients. If we define 

ii{x,t,c,ri;a) = (^^^{x,t,c,r];a)J ^ ilj{xu{x,t,c,r];a),tu{t,c,r];a),'q;a) , (6.40) 
then tp satisfies both (SLu) and (Du) in a neighborhood of x = Xq. 
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Proposition 16.41 can be verified easily by using the relation 

1 dxii dxu 1 dtii _ ^ (Q4l) 

2{x-X) dx dt 2(xii -r/-3fj) dt ~ ' 

which is proved in pCT3l (3.52)]. 

6.2 WKB solutions of (Can) and (Dean) 

In order to use Proposition 16. 4^ we construct WKB solutions which satisfy both (Can) 
and (-Dean) with ()6.39p are substituted into the coefficients. In what follows we designate 

Qcan(i,i,r?;a) = Qcs,n{x,E{i,r];a),a{i,r];a),p{i,rj;a),rj) 

2 I V2arj~h^^' , -2 3 
= 4:X — 7] J z + r] J 

X — -^ar]~2e'^^^ 4(x — -^a7y~2e2^*) 

. ,~ ~ ^ 1 
^can(a;,t,r/;a) = — 

2{x — -^av 2 e^*?*) 

(Note that E{i, rj; a) = p{i, r/; a)^ — 4(T(t, ry; a)^ = 0.) Qcan is expanded as follows: 

Qcan(x, i, m a) = Qfl{5:, r/) + oTy-^Q^ (x, 7?)e2^* + {ar^-^^fQ^lix, rj)e''^' + ■■■ , (6.42) 

QW(5,^) = 4x2 + r/-2A, (6.43) 

As in Section 4, we can construct WKB solutions of (Can) in the following form: 

tp±{x,i,r];a) = exp ifc |r/ / S-idx + [ [Sodd - vS-ijdxl , (6.45) 

VSodd ^ -^0 Joo J 

where 

Sodd = Soddix, i, 7?; a) = ~S^^I^{x, r?) + ^//-^^^^^^(x, 77)e2''* + {aii'^^f S^;^l{i, r,)e^^' + ■■■ 

(6.46) 

is the odd part (in the sense of Remark 12. ip of a formal solution 

S = S{x,t, 7]; a) = (x, r/) + ar?" ^ 5^^) (x, r/)e2''* + (ar?" I )25(2) (x, ?7)e^^* + • • • (6.47) 
of the associated Riccati equation of (Can) 

+ ^ = rfQca-nix, i, r]; a), 
ox 

^odd ^^'^ ^^^^ formal power series of r]~^ of the form 

Si%{x, v) = rlSi%^.^{x) + sS^o(x) + v-'si%^iix) + ---{k>0), 
S^''Hx,r,) = i]S^^l{x) + Sil'\x) + r/-isP(x) + • • • (A; > 0), 

and 

S-i{i) = S^^lix) = 2x. (6.48) 
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It is easy to check the integral in ()6.45p is weh-defined. Since {k > 0) satisfy the 
differential equations 

S^'^' + ^ = v'Q^.{x,r,). (6.49) 



dx 

2S{0)SW+ Yl S(-''^S^'''^ + ^ = v'Qi'iix,rj) (A; > 1), (6.50) 

ki+k2=k, kj<k 



we obtain 



5(0) (x,r/) = 2rjx-—, (6.51) 
2x 

Soddi^,v) = 2r/x, (6.52) 

S^^l{x) = (A;>1), (6.53) 

from (I03|) and (lOiD . 

Lemma 6.3 ( [Tli Lemma2]). The formal series e^^^ip± satisfy both (Can) and (Dca.n)- 

Remark 6.4. In view of (|6.46p . (|6.48p and (|6.53p . e^'^^ijj± are expanded as follows: 

e^'^^±{i,i,T]) = i;^^\x,i,r])+ar]'^^2\x,i,r])e'^''^+{ar]-^f4;^2\i,i,r])e^'^^+--- , (6.54) 

i>^±\x,i, ri) = 7/~^v5S(x) + r?"^^£i(x) + r/'^^g^al^) + • • • } exp ± r]{i+x^). (6.55) 
Especially, 

i>^^\x,t,r]) = 1. — exp±( f {S^^J^ - r]S-.i)dx] exp ± r/(t + x^). (6.56) 

. / 0(0) ^./oo ^ 

V "^odd 

Making use of Proposition 16.41 and Lemma 16.31 we know that 

g±7?t„{t,c,ry;a) (^^^{x, t, C, T]] a)j ^ 'lp± {xil{x, t, C, T]] a),tll{t, C, T]] a), T]] o) 

satisfy both (SLu) and (-D11) near x = Xq. Therefore, there exist a formal power series 
C± = C±{c,r]) of rj^^ whose coefficients are independent of x and t such that 

ft — - 

V;±,iM = C±e±''*"(^) '^P±{xn,tn,r]■,a) (6.57) 

hold. 

Lemma 6.4. 

C± = exp ± {if/W + £>(J, - r^S^,)dx - r^{t^^^ - to) - r^{xf - xo')}. (6.58) 

Remark 6.5. Precisely speaking, we need to specify the normalization of ip±^iM (i.e., the 
choices of the path of integration of J^^ S-idx and /^(Sodd — riS-i)dx in (|4.1ip ). (|6.58p 
is the result when the normalization of V'ltjiM is taken as in Figure 16.11 where the red 
and blue curves designate the path of integration of J^^ S-idx and J^^{SodA — r]S-i)dx 
respectively. 
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Figure 6.1: Normalization of ■0±,iM- 



Proof of Lemma \6.4[ Expanding the both sides of ()6.57p to the form hke ()4.38p and com- 
paring the parts which do not contain e'^*''^" {k > 1), we obtain 



i^r = cJ^Y^^ixS\tS\v). (6.59) 



.(0) 
111 
dx 

Note that, since C± is independent of t, it does not contain e'^'''^" {k > 1), either. By 
T9]). we have 



to{t,c) + xo{x,t,c)'^ = t; [ \/A(t,c)dt + / ■\/Qo{x,t,c)dx 

= - / Y^A(t,c)dt + / y/Qo{x,t,c)dx + / y/Qo{x,t,c)dx 

^ J Tl J Xo 0-1 

/•X PX 

= / -y/ Qo{x, t, c)dx = / S^i{x,t,c)dx. (6.60) 



(As in the proof of Proposition 14.11 we note that the sign of the right-hand side of ()4.9p 
\s+.) Making use of (|i39|) . (|636|) . (fOOl) . (1632)1 and ([630|) . (l638|) is derived from (f639|) 
directly. □ 

Let Z = Z{c, rf) be a formal power series defined by 

+ /VS, - r,S.,)dx - ,{tf - to) - ,{xf - X0-). 

In the case where a 1-parameter solution of (-f^ii) is normalized at t = oo, we can determine 
Z explicitly with the aid of the results presented in Appendix. 

Proposition 6.5. Assume that the 1-parameter solution Aqo normalized at t = oo is 
substituted into the coefficients of (SLu) and (Dn). Then 

Z = 0. (6.61) 

Proof. Z has the form 

Z(c,7?) = Zo + Zi(c??)-i + Z2(cr?)-2 + . . . 

for some Zi £ C which is independent of c because of (jA.lSp , (|A.22p and Proposition lA.ll 
in Appendix A. If Aoo(i, c, ??; a) is substituted into the coefficients of (SLu) and (Du), 
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then the coefficients of r]~^ in Z are holomorphic in c for all ^ > by Proposition IB. II in 
Appendix B. Thus we have Zi = {(■ > 1). Furthermore, we can confirm that Zq = 
easily. □ 

Therefore we have the following correspondence between ■0±,iM and V± when the 1- 
parameter solution Aoo normalized at t = oo is substituted: 

'ip±,iM{x, t, c, 77; a) = e±^*ii(*'^''?;") (^-(a;, t, c, rj; afj ^ ^± {x]i{x, t, c, rj; a), in {t, c, 77; a), r/; a) . 

(6.62) 

We then expect that the connection formulas for V'±,IM on Stokes curves emanating from 
the double turning point x = Aq should be derived from this relation (|6.6'2|) and the 
connection formulas for 'il>±. The latter is explicitly described in the following Proposition 
16.61 which is proved in [Tl, §3]. 

Proposition 6.6 ([Tl, Proposition 4]). Let t/"^ he the Borel sum of ijj± in the region J in 
Figure (i = 0,1, Then on each Stokes curve the following connection formula 

holds: 



n 


I 


m 






Figure 6.2: Stokes curves of {Can). 



where 




(6.63) 
(6.64) 
(6.65) 
(6.66) 



"ioi = -^(p + 2o-)w^, (6.67) 



mi2 



m23 



{p-2a)^, (6.68) 
i{p + 2a)^, (6.69) 



rhso = -{p-2a)^^. (6.70) 

Remark 6.6. In Proposition 16. 61 (7 and p in the coefficients of {Can) should be understood 
as ordinary parameters (possibly depending on t and rj), although a = a{t,c,rj;a) and 
p = p{t,c,r];a) are infinite series in our situation (cf. Remark ?? below). 
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6.3 Computation of the Stokes multipliers of (5'Ln) 

In this subsection we compute the Stokes multiphers of (5'Ln) around x = oo before and 




Figure 6.3: argc = ^ — e Figure 6.4: argc = | + e 

and Q in Figures 16.31 and 16.41 designate the "sign of Stokes curves" which is defined simi- 
larly to that for P-Stokes curves (cf. Remark 12. 2p . Note that it follows from Proposition 
O that Re £^ y/Q^dx < holds near arg c = ^. Since a neighborhood of j; = oo is 
divided into the six regions J7j and O^- {1 < j < 6) by Stokes curves as in Figures [631 and 
16. 4^ we obtain six Stokes multipliers around x = oo for arg c = ^ — e and arg c = f + e, 
respectively. Let Sj =Sj(c;a) (resp. Sj' = Sj'(c;a)) be the Stokes multipliers correspond- 
ing to the analytic continuation from Qj to Oj+i (resp. from Q'j to ^^j+i) (1 < J < 6). 
The results of the computations of the Stokes multipliers of (SLu) by using the WKB 
solutions (V'+jMi ^-,im) are as follows: 

Stokes multipliers of (SLu) around x = oo. 

(i) If the 1-parameter solution substituted into the coefficients of (SLu) and (Dn) is nor- 
malized at oo, then we obtain the following: 



Si 


= i (1 + ^2.ic^yV-2V 


[5; 


= i 


S2 




5'2 


= i (1 + e^^i^ny-'i-^icr^fpy-v 


S3 


= 2 (1 -|- g27r«cr)'jg-27ric»yg(7-2y 


s's 




54 


= a 


5l 


= —2y/TTa 


55 


= 




= 


56 

v 


= 2^a + i e2^-^. 




= 2^a + i{l + e2«'=^)e2^-^ 



(6.71) 

(ii) If the 1-parameter solution substituted into the coefficients of (SLu) and (Dn) is 
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normalized at ri, then we obtain the following: 



Si 


= z (1 + e2'^*^'?)e^"2'^ 




f 

S'l 




S2 






S'2 


= i (1 + e2™^)e-2'^*^'?e2^-^ 


S3 


= i (^X _|_ g27ric»7-jg-27rjcr?gl/-2V' 








54 


= -2^ae^ 


< 






S5 


= 






= 


S6 

V 


= 20Fae^ + i e2^-^. 






= 2 V^ae^ + i (1 + e^-^'^^'je^^ 



(6.72) 

Rere a is the free parameter contained in the 1 -parameter solution substituted into the 
coefficients of (SLu) and (Du), U = U{t, c,rj; a) is given by (|4.32p . V = V{t, c,rj; a) is 
the Voros coefficient ()5.ip of (SLu) and W = W{c,r]) is the P-Voros coefficient (|3.6p . 

To be precise, the Stokes multipliers are the Borel sum of Sj and 5j' in (|5.7ip and (|6.72p . 
From now on we demonstrate the computation of the Stokes multipliers of {SLu) when arg 
c = ^ — e and the 1-parameter solution substituted into the coefficients is normalized at oo. 
We demonstrate only the computations of Si and S4, since the other Stokes multipliers can 
be computed in similar ways. We note that, since the two normalizations of 1-parameter 
solutions introduced in Section 3 are related as p.7p . the result ()6.72p of the computation 
when the substituted 1-parameter solution is normalized at t = ri is obtained from (|6.7ip 
by replacement a 1— >• ae^ . 

Remark 6.7. In the computations of the Stokes multipliers the path of normalization 
of WKB solutions V'ijM are taken as in Figures 16.51 ^ 16.101 The red and blue curves in 
Figures [631 ^ 16.10] designate the paths of integration of J^^ S-idx and /^(S'odd — r]S-i)dx 
respectively. 




Figure 6.5: Normahzation path for Si. Figure 6.6: Normahzation path for S2. 

We denote the Borel sum of a WKB solution -i/; in a region Q by ip^. 
• Computation of Si. Let be the region pinched by Jli and ^2, and tp±^a- be a WKB 
solution of (SLu) normalized at a; = aj: 




Voros' connection formula ( |KT4l §2, Theorem 2.23], [Vj) says that the following relations 
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Figure 6.7: Normalization path for 53. 



Figure 6.8: Normalization path for 54. 




Figure 6.9: Normalization path for 55. Figure 6.10: Normahzation path for Sq 

for the Borel sums of ip±,aj hold on the Stokes curve emanating from x = aj [j = 1, 2) 

because the sign of the Stokes curves are ©. It follows from ()4.40p that 

1p±,ai = exp±(^y" Sodddx^'tp±^a2 

hold. Furthermore, since V'ijM and V'±,ai are related as 

we can derive the connection formula for V'±,IM by combining the above formulas: 
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Thus we have 

si =i(l + e2"^'='')e^-2^. (6.73) 

• Computation of S4. Because we have to consider a connection problem on a Stokes 
curve emanating from the double turning point x = Aq, we use the transformation theory 
prepared in Subsections 6.1 and 6.2. In view of ()6.10p we fine that the leading term of the 
transformation x = xo(x,t,c) maps the Stokes curve in question to either 2]R>o or iM<o 
in Figure [6^21 and it depends on the choice of the branch of A^/'*. We now assume that 
the Stokes curve in question is mapped to zR>o. (In view of (|3.3p and (|3.4p . the change 
of the choice of the branch of A^/^ is equivalent to the replacement a 1— >• —a.) Since the 
normalization of V'i.iM in Figure 16.81 is the same as in Remark 16.51 and the substituted 
1-parameter solution is normalized at t = 00, we can use the relation ()6.62p in this case. 
Using the connection formula (j6.64p and (|6.68p for ip± on iM>o, we derive the following 
connection formula for V'i.lM: 



(6.74) 



where 



Moreover, since 



m 



(p(t„)-2a(t„))y|e-2^*". (6.75) 



~p{tii)-2a{tii) = -2\/2ae2''*" 
holds by (j6.39p . we have the required Stokes multiplier S4: 

S4 = m = —2^/^Ta. (6.76) 

Remark 6.8. All the Stokes multipliers 5j and s^- (1 < j < 6) in (fSTTT]) and ([U77^ are 
independent of t. It is consistent with the theory of isomonodromic deformation. 

Remark 6.9. The Stokes multipliers S5 and 55 in ()6.7ip and ()6.72p are equal to 0. The 
reason is as follows. In the computation of 55 we use the connection formula (j6.65p . ()6.69p 

for 'il)±^ and hence we have 

i(p(t„) + 2^(t„))y|e2''*" 
as the connection coefficient instead of ()6.75p . This quantity vanishes by ()6.39p . 



6.4 Derivation of the connection formula for the parametric Stokes phe- 
nomena through the Stokes multipHers of (5*1711) 

Now we rederive the connection formulas describing the parametric Stokes phenomena 
for the 1-parameter solutions Aoo(i, c, r/; a) and An (i, c, ry; a) of {Pu) by using the explicit 
form of the Stokes multipliers of {SLu) computed in Subsection 6.3. 

If a true solution represented by a 1-parameter solution A(t, c, r/; a) for arg c = ^ — e and 
that by A(i, c, 77; a) for arg c = ^ + e coincide, then the corresponding Stokes multipliers 
Sj(c;a) and s^(c;a) of [SL\i) should coincide, that is, 

5[s,(c;a)] =5[s;(c;a)] (1 < j < 6) (6.77) 

should hold. Hence, comparing 5j{c;a) and s^(c;d;) given by ()6.7ip and using Corollary 
15. H we find that 

S[5j{c;a)]=S[5'j{c]a)] a = a (6.78) 
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holds in the case where the 1-parameter solution Xoo{t,c,r];a) is substituted into the 
coefficients of (SLu) and (Du). This result ()6.78p is consistent with ()3.26p . that is, the 
parametric Stokes phenomenon does not occur to Xoo{t,c,r];a). Similarly, in the case of 
Xri{t,c,r];a) being substituted, the comparison of Sj(c;a) and s^(c;a) in ()6.72p tells us 
that 

S[5j{c;a)]=S^{c;a)] «5 [e^j^^^^^.J = a5 [e^j^^^^^. J 

d = (1 + e^'^^"'') a, (6.79) 



and this is consistent with ()3.27p . Thus, we have rederived the connection formulas for the 
parametric Stokes phenomena for 1-parameter solutions of (Pii) through the computation 
of the Stokes multipliers of (SLu). 

A Homogenity 

The second Painleve equation (Pu) with a large parameter is obtained by a change of 
variables 

1 2 

{w,z,a) :=^ {r]s X^rj3t,rjc) 
from the "original" Painleve equation = 2w'^ + zw + a, that is, if 'w{z, a) is a solution of 

1 2 

the original Painleve equation, then X{t, c, ry) given by r/3 A(t, c, ry) = w{r]at, r]c) is a solution 
of (-Pii)). Hence various quantities which appeared in this paper have a homogenity with 
respect to the following scaling operation: 

(x, t, c, if) I—)- (r~ 3x, r~3t, r~^c, rrj) (r > 0). 

For example, the homogenious degree of Aq which is an algebraic function defined by 
2Ao + tAo + c = is -g, that is, 

_ 2 _i _1 

Ao(r H,r c.rrf) = rj a Ao(t,c). 
We list the homogenious degrees of quantities below. 

Xf\t,c) : (fc-i) (A:>0), (A.l) 
fo).. . /, 2 



z.^,^^(t,c) : [^k--) (fc>0), (A.2) 

AW(t,c,r/) : -i, (A.3) 

u^^\t,c,rj) : -| (A.4) 

A(t,c) : -I, (A.5) 



(i = 1,2,3), (A.6) 



Rk{t,c) : + (fc>0), (A.7) 

i?(t,c,r/) : +1 (A.8) 

i?odd(t,c,r/) : +1 (A.9) 

</>ii(t,c) : -1, (A.IO) 
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Xf\t,c) : (^-^ + ^k + e) {k>0,£>0), (A.ll) 

X{t,c,r];a) : (A.12) 

u{t,c,iT,a) := 7]~^-^X{t,c,r];a) : (A.13) 

l^(c,r/) : 0, (A.14) 



4 

Qii(x,t,c,?7;a) : --, (A.15) 

Au{x,t,c,r];a) : (A.16) 

S{x,t,c,r];a) : (A.17) 

Sodd{x,t,c,7];a) : (A.18) 

«i(i,c) : (j = l,2), (A.19) 

V'±,oo(a;,t,c,r/;a) : (A.20) 



V'±,iM(a:,t,c,r/;a) : --, (A.21) 

o 

U{t,c,r];a) : 0, (A.22) 

V{t,c,r];a) : 0. (A.23) 

These facts can be easily verified by straiglitforward computations. 

Proposition A.l. The formal series below have the following homogenious degrees: 

xii{x,t,c,r];a) : (A.24) 



a{t,c,rj;a) 
p{t,c,r];a) 
tii{t,c,r];a) 



0, (A.25) 
0, (A.26) 
-1. (A.27) 



Proof. First we check the homogeneity of xu, a and p. Due to (|6.1U|) we know that the 
homogenious degrees of xq, cr and p is — ^, and respectively. In what follows we show 

that the homogenious degrees of xf'\ af'^ and pf'^ are 

xf^ : {-1 + 1^ + ^) {k>0,£>0), (A.28) 



(fc) 
Pe 



[^k + i^ {k>0,i>0) (A.29) 
[\k + £^ {k>0,i>0) (A.30) 



by induction. We note that, since the claims (|A.28p ~ (|A.30p are true for k > 1,^ = 
by (IE5I), it suffices to confirm (|X28D ~ (|X30]) foi: k = k' ,£ = £' {k',£' > 0) under the 
assumptions that they are true for 0<A;<A;' — 1,^>0 and k = k' ,0 <£<£' — 1. In 
view of (j6.6|) the differential equation which determines x^, has the form 

8xo^{xo^^ + x\, '^) = r\, '{x,t,c), (A.31) 
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and the homogenious degree of r^f ^ is (— | + ^k' + i') by induction hypothesis. (We note 
that r^f ^ {k',l' > 0) are holomorphic in x and have a zero of order at least 1 at x = Xq 
because a, p and E are determined by the equations (|6.7p ~ (|6.9p .) Since xlf ^ is given, 



as a unique holomorphic solution of (|A.3ip at x = Aq, by 

x^f\x,t,c) = — -p^dx, (A.32) 

it is homogenious with degree (-i + ifc' + f ) . The homo genious degrees of a^^ ^ and 

/j^f ^ can be computed from ()6.7p . ()6.8p and ()A.28p . Furthermore, taking into account that 
the homogenious degree of to defined by ()6.32p is —1 and that the formal power series 
{k > 0) are defined by (I071) and (KM\\ . we find that the homogenious degree of the 
formal series in is —1. □ 



B Holomorphy of Z at c = 

Z = Z{c, rf) introduced in Section 6 is a formal power series given by 

Z = \U^'^ + - ^^-i)'^- - ^7(4°^ - ^o) - V{xf - xo'). (B.l) 

^ Joe 

The right-hand side of (jB.ip is independent of both x and t. (We can verify this fact 
by using ()6.4ip .) The aim of Appendix B is to show that the coefficients Zi{c) of ri~^ 
in Z{c, rj) are holomorphic at c = (for all ^ > 0) when the 1-parameter solution Aqo 
normalized at t = oo is substituted into the coefficients of (SLu) and (-Dii). 

Let be a point fixed in the domain in Figure [231 ™d 51,52,^3 be positive numbers 
satisfying that 

|c|<^3 {t;\t-U\<S2}^n{c),T2{c),Ts{c), (B.2) 

\c\ < 6s , \t — U\<S2 =^ {x;\x — Xo{t,c)\ < 6i} ^ ai{t,c),a2{t,c). (B.3) 

Note that, since all the three P-turning points Tj(c) of {Pii) tend to t = in the t-plane 
and the two simple turning points x = aj of (SLu) tend to x = —Xo{t, 0) = i^i the 

x-plane when c tends to 0, we can take such positive numbers 6j. For the above 5i, 52,^3 
and , we define domains Di , T>2 , ^3 and D by 

V3 := {c; |c| < 63}, 

V2 ■.= {t;\t-U\ <52], 

Vi{t, c) := {x; \x - Xo{t, c)| < 5i}, 

V := {{x,t, c); {t, c) G P2 X P3, x G Vi{t, c)}. 

We will verify that all the coefficients of the formal power series which appear in the right- 
hand side of (jB.ip such as U^^\ t[^\ x|j\ etc., are holomorphic on V. {61,62, 63 may be 
chosen sufficiently small again if necessary.) 

Lemma B.l. AH the coefficients of the formal power series 

C/(0) (t, c, r/) = r (A(o) {t, c, 7?) - Ao(t, c)) dt 
J 00 

are holomorphic on 2?2 x ^3- 
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Figure B.l: Domain D'2. 



Proof. Let 1^2' be a domain in t-plane given by 

t' 

(Here t' runs over all points on the path of integration of U^^\t^,,c, r/). See Figure [32] for 
the choice of the path of integration.) We show that all the coefficients of A^'^^ — Aq are 
holomorphic on 1)2' x ^3 and integrable at t = 00. {82 and 63 should be chosen smaller so 
that 

|c| <63^V'2^ Ti{c),T2{c),T3{c) 

holds since the coefficients of A^*^) are singular at P-turning points. ) 

Since the discriminant of the algebraic equation 2A'^ + tA + c = for A never vanishes 
on P2' X ^3 J Ao is holomorphic on D2' x ^3 and 

2 , . _ 4A|] - c 



A = 6A^ + t 



An 



is also holomorphic and never vanishes on 1)2' x P3. The holomorphy of all the coefficients 
on T>2' X T>3 follows from these facts and the recursive relations ()2.3p . Indeed, by induction, 
we can confirm that the coefficient A^.''^ is identically when k is an odd number and has 
the form 

.(0). . _ P2n(Ao,c) 

when k = 2n (n > 1) is an even number, where p2n £ C[Ao,c] is a polynomial with 
degAo(P2n) < 9n — 2. (Here degxg{p2n) is the degree of the polynomial p2n when it is 
considered a polynomial of Aq.) Thus the holomorphy of A^."^ is obvious. In view of ()B.4p 
and 

^A - ^ 

the c-derivative of X^2n ^^^^ represented as 



dc ' ' ' (4A3 



c 



where P2n(Ao,c) G C[Ao,c] is also a polynomial with degxQ{p2n) < 9n + 4. Since the 
behavior of Aq when t — )• 00 is given by (l2Tni . (|B3|) implies that ^A^°^(t,c) is integrable 
at t = cxD uniformly with respect to c G P3. Therefore, 

*AS(t,c)a!t 



is holomorphic on D2' x 1)3(3 D2 x D3) for all n > 1. □ 
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Lemma B.2. For the 1-parameter solution 

Aoo {t, c, rj; a) = A(o) {t, c, r/) + arj~ 5 A^^ {t, c, ri)(fi't'^ + {arj- ^f\^^{t, c, r])^'^'^^^ +■■■ 

at 

= z.(°)(t,c,r?) + ar/-5i.W(t^c,r/)e'"^= + (a77-5)2i.(^)(t,c,r/)e2''*n 

of (H\i) normalized at t = oo, all the coefficients of the formal power series A^^(t, c, r/), 
i^^\t, c,r]) (k > 0) are holomorphic on V2 x D3. 

Proof. The holomorphy of all the coefficients of A*^''^ has been already shown in the proof 
of Lemma IB.ll Next we consider 

A« = , ]^ exp ( / (flodd -^R~i) dt 

VV Rodd ^Joc 



It is clear that R-i{t,c) = \J A(t, c) is holomorphic on x P3. Due to the recursive 
relations (|2.9p for Rk(t,c), we can obtain the following expression by induction: 

R2n{t,c) = j^^^ (n>0), (B.6) 
i_ 

R2n+i[t,c) = — — ^ n>0), (B.7 

where (?2n(Ao, c), g2n+i(Ao, c) E C[Ao, c] are polynomials satisfying deg;^Q(g'2n) < 9n + 4 and 
degAo (92^+1) < 9n + 8. Similarly to the proof of Lemma fB.H we can show that 

t 

R2n+l{t,c)dt 

00 

is holomorphic on 1)2' x ^3(3 ^2 x P3) by using the expression (|B.7p for all n > 0. Thus the 

(1) (k) 

holomorphy of the coefficients of Aso is verified. The holomorphy of the coefficients of Aso 
(k > 2) can be confirmed from the recursive relations ()2.14p . and the holomorphy of the 
coefficients of i^^'^) and {k > 1) can also be shown by using the relation u^oit, c, rj; a) = 
??""^^Aoo(i,c,7?;a). □ 

Remark B.l. When c tends to 0, the three P-turning points merge to t = simul- 
taneously. Hence, if we consider a 1-parameter solution normalized at a P-turning point 
t = Ti, we can not expect that Lemma iB . 2 1 holds because the integration path of /^^ Podd dt 
is pinched by the turning points and all the coefficients of the formal power series Podd 
have a singularity at P-turning points. The assumption that a 1-parameter solution is 
normalized at t = 00 is essential. 



It follows from Lemma IB. 21 that, if Aqo is substituted into Qu, then all the coefficients 



are holomorphic on 2? \ {x = Aq} and bounded as x tends to 00 when {k,i) 7^ (0,0). 



(Note that = = [x - Xofix"^ + 2\qx + 3Ag + t) for (A:, I) = (0, 0).) More precisely, 
Qf^ are represented as 

for some integer m > and a polynomial n(x, t, c) of x with coefficients being holomorphic 
on V2 X P3 and deg^{u) < m. 
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Lemma B.3. Assume that the 1-parameter solution Aqo normalized at t = oo is substituted 
into Qii. Then all the coefficients of the formal power series 

/ {Sodd(.^^'t,c,7]) -r]S-i{x,t,c))dx 

J oo 

are holomorphic on T> and all the coefficients of 

[ Sl%{x,t,c,r])dx 

J oo 

are holomorphic on'D\{x = Aq}. Here the paths of integration of the above integrals are 
taken as in Figure 

Proof. For {t, c) G x ^3 let T>i{t, c) be a domain in the x-plane defined by 

V[{t,c) =\J{x;\x-x'\ <6i} {DVi(t,c)), 

where x' runs over all points on the path of integration of f^\S^^J^ — rjS-.i)dx, and let V 
be the following domain: 

V :={{x,t,c);{t,c) £V2xVs,x eV[{t,c)} (dV). 
We prove the holomorphy and integrability at x = 00 of all the coefficients of S^). — rjS-i 




Figure B.2: Domain T>[. 
and S'^jIj. {61,62,63 should be chosen smaller so that 



it,c) G X P3 ^ 'D[{t,c) ^ ai{t,c),a2it,c) 

(k) 

holds, if necessary, since the coefficients of S^^^ are singular at turning points. The above 
condition guarantees that + 2Aox + 3Ag + t 7^ on V'.) 

By the recursive relations (j4.18p and (jB.Sp . for {k,i) 7^ (0,0), we obtain the following 
expression of sj^'^J^f 

Jx, t, c) = v{x^ 

^ (x-Ao^(x2 + 2Aox + 2A2 + t)^' ^ ' 



2 



where ni,n2 > are some integers and v{x,t,c) is a polynomial of x whose coefficients 
are all holomorphic on V2 x P3 and which satisfies deg^{v) < ni + 77-2 — 2. Due to (|B.9p . 
we have 

^Si%jx,t,c) = v_ix^ 

dt ""'"''^ ' (x-Ao)"i+i(^' + 2Aox + 2A2 + t)^+i' ^ ' 
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where v{x, t, c) is also a polynomial of x whose coefficients are all holomorphic on D2 x ^3 
and which satisfies deg^{v) < rii + n2 + 1- The c-derivative of 5"^^^^ also has a form 

similar to (jB.lOp . These facts imply that §iSj^^J^^ and ^S^'^J^g are both integrable at 
X = 00 uniformly with respect to {t,c) G P2 x ^3- Therefore all the coefficients of 
/(^ ('^Idd ~ vS-ijdx and S^dddx {k > 1) are holomorphic on V'\{x = Aq} {dV\{x = 
Aq}). Furthermore, as noted in Lemma [6.1( ii). all the coefficients of S^^^ are holomorphic 

at X = Aq. Thus we have the holomorphy on V (d V) of the coefficients of J^{sj^J^ — 
rjS-i)dx. □ 

Next we discuss the holomorphy of the coefficients of and tjj ^ on V. 

Lemma B.4. Assume that the 1-parameter solution Aqo normalized at t = 00 is substituted 
into the coefficients of (SLu) and (Du). Then all the coefficients of the formal power series 

x\i\x,t,c,r]) {k>0) 

are holomorphic on T>. 

Proof. We prove this lemma by induction. Due to the condition (|B.3p . xo{x,t,c) = 
[Jxg V Qoix, t, c)dx] ^ is holomorphic on V. The x-derivative of xq behaves as 

when X tends to Aq- Hence, since A 7^ on P2 x we can assume that ^ / holds 
on T> (by taking sufficiently small 61 > 0). 

Since the claims are true for k > 1, ^ = by (|6.5p . it suffices to confirm the holomorphies 
of x^f ^ {k',£' > 0) under the assumptions that x^'^^ are holomorpic on V for < k < 
k' — l,i > and k = k' ,0 < i < i' — 1. As noted in the proof of Proposition IA.l[ the 
differential equation which determines x^, is given by (|A.31[) and r^, is holomorphic 
on D \ {x = Aq} under the assumptions of induction. (Note that I/xq and Qf^^ have a 
singularity at x = Aq.) However, it follows from the proof of [AKTU Theorems. 1] that 
r^, is holomorphic and has a zero of order 1 at x = Aq because a, p and E satisfy ()6.7p 
~ (|6.9p . Thus x^f ^ given by ()A.32p is holomorphic on D. □ 



Lemma B.5. Assume that the 1-parameter solution Aqo normalized at t = 00 is substituted 
into the coefficients of (SLu) and (Du). Then all the coefficients of the formal power series 

tii{t,c,ri) - to{t,c), 



are holomorphic on T>2 x P3. 
Proof. By Lemma lB.41 



t\;'it,c,rj) {k>l), 



(Ao,t,c) 



dx"^ 

is holomorphic on P2 x P3 for k,i,n > 0. Moreover, since 

^(Ao,t,c)/0 

holds on 1)2 X Ps, all the coefficients of a^^\t, c, r/) [k > 0) are holomorphic on T>2 x P3 by 
the definition (j6.7p of a. Therefore, the holomorphy of all the coefficients of t^\t,c,r]) — 
to{t,c) and t['^\t,c,r]) {k > 1) immediately follows from ()6.37p and ()6.38p . □ 
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Thus we finally obtain the following: 

Proposition B.l. Assume that the 1-parameter solution Aqo normalized at t = oo is 
substituted into the coefficients of (SLu) and (Du). Then all the coefficients of the formal 
power series Z[c,r]) which is given by (jB.ip are holomorphic at c = 0. 

Proof. By Lemmas IB. II ~ \B.5\ we have shown that all the coefficients of Z are holomor- 
phic on T> if Aoo is substituted. Moreover, since Z is independent of x and t, they are 
holomorphic functions of c on P3, which is a neighborhood of c = 0. □ 
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